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Abstract
Generalizing our ideas in [arXiv:1006.3313], we explain how topologically-twisted N = 2 gauge
theory on a four-manifold with boundary, will allow us to furnish purely physical proofs of (i) the
Atiyah-Floer conjecture, (ii) Mun˜oz’s theorem relating quantum and instanton Floer cohomology,
(iii) their monopole counterparts, and (iv) their higher rank generalizations. In the case where the
boundary is a Seifert manifold, one can also relate its instanton Floer homology to modules of an
affine algebra via a 2d A-model with target the based loop group. As an offshoot, we will be able
to demonstrate an action of the affine algebra on the quantum cohomology of the moduli space of
flat connections on a Riemann surface, as well as derive the Verlinde formula.
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1 Introduction, Summary and Conventions
Four-dimensional (cohomological) topological quantum field theories (TQFTs), such as Donaldson-
Witten (DW) theory and Seiberg-Witten (SW) theory, have been studied extensively over the years
since it was first conceived in [1]. Such a TQFT possesses an underlying topological supersymmetry,
which is generated by a scalar supercharge Q. Observables of the theory are identified with the Q-
cohomology, and they are invariant under topological deformations. In the aforementioned theories,
they generate the celebrated Donaldson and Seiberg-Witten invariants, respectively.
When DW theory is defined on a four-manifold with boundary Y3, the corresponding Donaldson
invariants are valued in the instanton Floer homology of Y3 [1]. Likewise, for SW theory, the
corresponding Seiberg-Witten invariants are valued in the monopole Floer homology of Y3 [2].
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One may also study DW theory defined on a four-manifold of the formM4 = Σ×C, where Σ and
C are compact Riemann surfaces. Upon shrinking C (or Σ), it is known that the ensuing 2d theory
is an A-twisted sigma model on Σ (or C) with target being the moduli space of flat connections on
C (or Σ) [3]. The relevant observables of the A-model are identified with its Q-cohomology, which
in turn describe the quantum cohomology of the target space [3, 4]. Thus, the Q-cohomology of
DW theory must also be identified with quantum cohomology, i.e. Donaldson invariants on M4 are
related to the quantum cohomology of the space of flat connections on either Riemann surface [5].
In [5], it was suggested that upon shrinking C (or Σ), SW theory should also descend to an A-
model on Σ (or C), albeit with target being the moduli space of vortices on on C (or Σ). Likewise,
the Q-cohomology of SW theory must also be identified with quantum cohomology, i.e. Seiberg-
Witten invariants on M4 are related to the quantum cohomology of the space of vortices on either
Riemann surface [5].
The main aim of this paper is to exploit properties of 4d N = 2 TQFT in the manner de-
scribed above, so that physical proofs of known mathematical conjectures and theorems as well
as derivations of mathematically novel identities between 3d and 2d invariants, and more, can be
obtained.
Let us now give a brief plan and summary of the paper.
A Brief Plan and Summary of the Paper
In §2, we provide a relevant review of DW theory, and its relation to instanton Floer homology
when the underlying four-manifold M4 has boundary Y3. In particular, if the moduli space of
instantons is zero-dimensional, the partition function on M4 is expressed as a sum of instanton
Floer homology classes Ψinst
ZM4 = 〈1〉Ψ(ΦY3 ) =
∑
i
Ψinst(Φ
i
Y3
) (1.1)
We will also take M4 = Σ×C, and shrink C, to obtain a sigma model on Σ with target M(C).
This space is characterized by
Fab = 0 (1.2)
which corresponds to the moduli space of flat connections on C, which we will denote byMflat (C).
Moreover, upon shrinking C, since the topological term of the form F ∧F leads to the pullback, i.e
1
8π2
∫
M4
Tr (F ∧ F ) =
∫
Σ
X∗ωflat (1.3)
the ensuing 2d model on the remaining Riemann surface Σ must be an A-twisted sigma model with
target Mflat (C), and action
S′DW =
1
e2
∫
Σ
d2z
(
Gflat
IJ
(
1
2
∂zX
I∂zX
J +
1
2
∂zX
I∂zX
J + ρz
J∇zχI + ρzI∇zχJ
)
−RIJKLρzIρzJχKχL
)
+ iθ
∫
Σ
X∗ωflat
(1.4)
3
In §3, we provide a review of SW theory, and its relation to monopole Floer homology when the
underlying four-manifold M4 has boundary Y3. In particular, if the moduli space of monopoles is
zero-dimensional, the partition function on M4 is expressed as a sum of monopole Floer homology
classes Ψinst
ZM4 = 〈1〉Ψ(ΦY3 ) =
∑
i
Ψmono(Φ
i
Y3
) (1.5)
We will also take M4 = Σ×C, and shrink C, to obtain a sigma model on Σ with target M(C).
This space is characterized by
Fww =
i
4
(
1− |ϕ|2
)
Dwϕ = 0
(1.6)
which corresponds to the moduli space of vortices on C, which we will denote by Mqvort (C). Fur-
thermore, upon shrinking C, a Q-exact topological term Stop, which can be added inconsequentially,
leads to the pullback, i.e.
Stop =
1
8π2
∫
M4
F ∧ F =
∫
Σ
X∗ωvort (1.7)
Hence, the ensuing 2d model on Σ must also be an A-model with target Mqvort (C), and action
S′SW =
1
e2
∫
Σ
d2z
(
Gvort
IJ
(
1
2
∂zX
I∂zX
J +
1
2
∂zX
I∂zX
J + ρz
J∇zχI + ρzI∇zχJ
)
−RIJKLρzIρzJχKχL
)
+ iθ
∫
Σ
X∗ωvort
(1.8)
In §4, we provide physical proofs of various mathematical conjectures and theorems, by ex-
ploiting the fact that physical states of a TQFT are insensitive to topological deformations. We
first prove the Atiyah-Floer conjecture, which relates instanton and Lagrangian intersection Floer
homologies. This takes the form
HFinst∗ (Y3)
∼= HFLagr∗ (Mflat (Σ) , L0, L1) (1.9)
This is proved by studying DW theory on the four-manifold M4 = R
+×Y3 ∼= R+× I×f Σ (LHS of
(1.9)), and identifying its states with those of the A-model on R+ × I with target Mflat (Σ) (RHS
of (1.9)).
The second mathematical claim is Mun˜oz’s theorem, which relates instanton and symplectic
Floer cohomologies, whereby the result of [6] further relates symplectic Floer cohomology with
quantum cohomology. It takes the form
QH∗(Mflat (Σ)) ∼= HF∗symp (Mflat (Σ)) ∼= HF∗inst
(
Σ× S1) (1.10)
This is proved by studying DW theory on the four-manifold M4 = Σ × S1 × R+ (RHS of (1.10)),
and identifying that with the A-model on R+ × S1 with target Mflat (Σ) (centre of (1.10)). The
first equality follows from [6], as mentioned.
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The same analysis is carried out for SW theory, in which we consider monopole analogs of (1.9)
and (1.10). In an analogous manner, we prove the monopole Atiyah-Floer conjecture, which takes
the form
HFmono∗ (q, Y3)
∼= HFHeeg∗ (Mqvort (Σ) , L0, L1) (1.11)
Our analysis of SW theory also allows us to deduce the mathematically novel monopole analog of
Mun˜oz’s theorem, which takes the form
QH∗(Mqvort (Σ)) ∼= HF∗symp (Mqvort (Σ)) ∼= HF∗mono
(
q,Σ× S1) (1.12)
These results can be generalized to higher rank gauge groups G, because the physical analysis
is either independent of the choice of G, or simply involves a straightforward extension. In doing
so, we can obtain higher rank generalizations of (1.9)–(1.12).
In §5, we consider DW theory on M4 = Σ ×D ∼= Σ × S1 × R+, with gauge group G = SU(2).
Instanton Floer homology can be defined on Y3 = Σ × S1. Moreover, shrinking D allows us to
identify the target of the A-model on Σ with the based loop group ΩG. Such an A-model is known
to possess affine symmetry [7]. The corresponding A-model states form modules of an affine Lie
algebra gaff, which span the space of gaff-modules on Σ that we denote by Gmod(Σ). We can identify
the corresponding partition functions, and hence establish the mathematically novel isomorphism
HFinst∗
(
Σ× S1) ∼= Gmod(Σ) (1.13)
Next, we study DW theory on M4 = Σ×fD ∼=Mg,p×R+, whereMg,p is a Seifert manifold, g is
the genus of Σ, and p is the Chern number of the S1 bundle which characterizes the nontriviality of
the fibration. As such, we see that Σ×S1 is a trivially-fibered Seifert manifold – i.e. Σ×S1 =Mg,0.
By inserting p copies of the fibering operator P [8] in the partition function over Mg,0, which has
the effect of shifting the Chern number by p, the partition function over Mg,p is obtained. We may
then generalize (1.13) to the case where Σ × S1 is replaced by Mg,p. Denoting Gmod,p(Σ) as the
space where each basis component is now acted upon by p copies of a suitable representation of P,
we similarly show that there is a mathematically novel isomorphism
HFinst∗ (Mg,p)
∼= Gmod,p(Σ) (1.14)
It is straightforward to see, from (1.10) and (1.13), that there is yet another mathematically
novel identity of the form
QH∗(Mflat (Σ)) ∼= Gmod(Σ) (1.15)
In §6, as a preliminary step, we first study an A-model on D ∼= R+ × S1 with target Mflat (Σ).
Since the theory is topological, we may further shrink S1 so that we get a 1d sigma model which
turns out to be a quantum mechanical model on Mflat (Σ) with action
SQM =
1
~
∫
dτ
1
2
X˙IX˙I (1.16)
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Thus, states of the A-model on D with target Mflat (Σ) are identified with quantum mechanical
states on Mflat (Σ). (1.16) also means we can write the commutator relations for the collective
coordinates X as
[X̂I , P̂ J ] = ~δIJ (1.17)
which amounts to quantizing Mflat (Σ).
Next, we make use of DW theory on M4 = Σ ×D, to obtain, upon shrinking D, an A-model
on Σ with target ΩG, and, upon shrinking Σ, an A-model on D with target Mflat (Σ). In doing so,
we can derive Falting’s definition of the Verlinde formula [9, 10]
Vℓ(Σ) ∼= H0(Mflat (Σ) ,Lℓ) (1.18)
where Vℓ(Σ) is the space of zero-point conformal blocks of gaff at level ℓ on Σ. The LHS of (1.18)
is obtained from the A-model on Σ with target ΩG, and the RHS is obtained from the quantum
mechanical model on Mflat (Σ), where H0 is the space of holomorphic sections of the determinant
line bundle L.
We also derive Pauly’s definition of the Verlinde formula [11], which considers extra operator
insertions in the theory. This derivation will proceed similar to the case with no operator insertions,
because we can exploit the position-independence of operator insertions in an A-model. We are
then able to derive the isomorphism
Vℓ(Σ, ~p) ∼= H0(Mpara (Σ, ~p) ,Lℓ) (1.19)
where ~p = (p1, · · · , pn) are the operator insertion points on Σ, and Vℓ(Σ, ~p) is the space of n-point
conformal blocks of gaff at level ℓ on Σ.
Conventions
The labeling conventions for the indices used in this paper are as follows:
Spin index
4d (on M4) 1/2 α, β, · · · = 1, 2
4d (on M4) 1 µ, ν, · · · = 1, 2, 3, 4
2d (on Σ) 1 A,B, · · · = 1, 2
2d (on C) 1 a, b, · · · = 3, 4
N -d (on moduli space M) 1 I, J, · · · = 1, · · · , N
We shall also denote components of (left-) right-handed spinors by (un)dotted indices (α)α˙.
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2 Instanton Floer Homology and a 2d A-model from 4d N = 2 TQFT
2.1 Review of Donaldson-Witten Theory and its Relation to Instanton Floer
Homology
In this subsection, we shall review some pertinent details about DW theory, and how its invari-
ants can be associated with instanton Floer homology when the underlying four-manifold has a
boundary.
Donaldson-Witten Theory
Let us consider an arbitrary four-manifoldM4, on which we define a pure N = 2 theory with gauge
group G. Mathematically, this is the same as defining a G principal bundle E → M4, on which a
gauge theory may be defined. Let us focus on the simple case where G = SU(2), bearing in mind
that the following arguments can also be applied to a higher-rank gauge group.
Upon topological twisting, some of the supercharges, which were originally spinors, become
scalars. For brevity, we shall consider one such nilpotent scalar supercharge Q,1 where there is a
U(1)R R-symmetry. The action can be written as [1, 13]
SDW =
1
e2
∫
M4
d4x
√
GM4Tr{Q, VDW}+
iθ
8π2
∫
M4
Tr (F ∧ F )
=
1
e2
∫
M4
d4x
√
GM4Tr
(
−1
4
FµνFµν +DµφD
µφ† − iχµDµη − iλα˙β˙ (σµν)α˙β˙Dµχν
+
1√
2
λα˙β˙[λ
α˙β˙
, φ]− 1
2
√
2
χµ[χ
µ, φ†] + i
√
2η[φ, η] − i
2
[φ, φ†]2
)
+
iθ
8π2
∫
M4
Tr (F ∧ F ) ,
(2.1)
where VDW is a gauge-invariant fermionic operator carrying an R-charge of −1 and scaling dimension
0, and the “electric” and “magnetic” coupling constants e and θ make up the complex gauge
coupling constant τ = 4πi
e2
+ θ2π . GM4 is the metric on M4.
Bosonic degrees of freedom are described by a gauge field Aµ and a complex scalar field φ.
Fermionic degrees of freedom are described by a 0-form η, a 1-form χµ, and a 2-form λµν . These
fields are all in the adjoint representation of the gauge group SU(2). The covariant derivative is
defined as Dµ = ∂µ − i[Aµ, ·]. Note that because of the nilpotency of Q, this action is Q-invariant.
For completeness, we shall also state the supersymmetry transformations here. They are
δAµ = ζχµ
δφ = 0
δφ† = 2
√
2iζη
δη = iζ[φ, φ†]
δχµ = 2
√
2ζDµφ
δλ
α˙β˙
= iζF+
α˙β˙
,
(2.2)
1More accurately, Q is a linear combination of two scalar supercharges obtained from topological twisting.
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where ζ is an arbitrary Grassmannian parameter.
Observables of the Donaldson-Witten Theory
Now consider the set of n Q-invariant operators Or, where r = 1, . . . , n, and their correlation
functions that take the form
〈O1 . . .On〉 =
∫
DΦ O1 . . .One−S , (2.3)
where DΦ denotes the total path-integral measure over all fields, and S is a generic Q-exact action.2
Recall the important fact that for any metric Gµν , the stress tensor Tµν ∝ δSδGµν is Q-exact in a
TQFT – i.e. we may write Tµν = {Q,Λµν} for some fermionic operator Λµν . Hence, varying the
correlation function (2.3) with respect to the metric yields δ
δGµν
〈O1 . . .On〉 ∝ 〈O1 . . .On Tµν〉 =
〈O1 . . .On · {Q,Λµν}〉 = 〈{Q,O1 . . .On Λµν}〉 = 0, which tells us that physical observables of a
TQFT are independent of the spacetime geometry. Here we have also made use of the fact that
〈{Q, . . . }〉 = 0 since Q generates a supersymmetry of the theory.
Furthermore, varying the correlation function with respect to the gauge coupling e yields
δ
δe
〈O1 . . .On〉 = 2e3 〈O1 . . .On{Q, V }〉 = 2e3 〈{Q,O1 . . .On V }〉 = 0. In other words, a correlation
function of Q-invariant operators is also independent of the gauge coupling e, and so it can be
taken to be any value without any consequences. This then means that we can set e→ 0, which is
the same as going to the semiclassical limit of the gauge theory.
Computation of Observables
Here, we can carry out a Fourier expansion of Φ about its classical values, which we denote
by Φ0 – the zero modes. By a classical configuration, we mean that the Φ0’s minimize the action
(2.1) to zero. This is needed to prevent the path integral from vanishing, since the exponent in the
integrand of (2.3) will otherwise blow up in the limit e→ 0. The Fourier expansion yields
Φ = Φ0 +
∑
s>0
Φs, (2.4)
where the Φs’s are small and may be regarded as fluctuations about Φ0’s which describe quantum
corrections. Since we are taking the semiclassical limit, we need only consider up to quadratic
fluctuations about Φ0’s. The integration measure may now be rewritten as
DΦ = dΦ0
∏
s>0
dΦs, (2.5)
so that the correlation function (2.3) may be written as
〈O1 · · · On〉 =
(∫
dΦ0 O1 . . .One−Sint
) (∫ ∏
s>0
dΦs e
−SKE
)
, (2.6)
where, respectively, Sint and SKE are the interacting and kinetic parts of (2.1). The operators Or
can be expressed purely in terms of zero modes, since we can place them far apart from each other
2To describe DW theory, we may simply take S = SDW. Likewise in §3.1, we take S = SSW to obtain SW theory.
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so that they do not interact. This is valid, because operator insertions and independent of position
in a TQFT. Let us further insist that the product O1 · · · On saturate the U(1)R charge. Then, fermi
fields in Sint will contribute nothing to the integral because of the nature of Grassmannian integrals.
Finally, as shown later, the bosonic part of Sint can be set to zero due to the BPS equations.
In doing so, we have factorized the correlation function into two parts – one that is dependent
only on the zero modes, and another one dependent only on the fluctuations. This means that
(2.6) can be written as
〈O1 · · · On〉 =
(∫
dΦ0 O1 . . .On
) (∫ ∏
s>0
dΦs e
−SKE
)
. (2.7)
Let us first look at the fluctuations Φs’s. The kinetic terms of the action take the form
SKE =
1
e2
∫
M4
d4x
√
GM4Tr
(
−1
4
FµνFµν +DµφD
µφ† − iχµDµη − iλα˙β˙ (σµν)α˙β˙Dµχν
)
= B∆BB + iFDFF ,
(2.8)
where ∆B and iDF are bosonic and fermionic elliptic operators respectively, while B and F are the
bosonic and fermionic field content respectively, collected in column vectors. These operators can
be diagonalized, such that
∆BBs = (Es)2Bs (2.9)
iDFFs = EsFs. (2.10)
Note that the eigenvalues Es take the same values for both bosons and fermions because of su-
persymmetry. The contribution from the non-zero modes to the correlation function (2.3) is then∫ ∏
s>0
dΦs e
−(Es)2(Bs)2+Es(Fs)2 =
∏
s>0
Es√
(Es)2
= ±1,
(2.11)
where the ± sign arises because of the square roots. Hence, we may define correlation functions up
to a sign.
Next, let us look at the zero modes. We note that the BPS equations may be obtained by
setting supersymmetry transformations of the fermi fields, in (2.2), to zero. The BPS equations
are then
[φ, φ†] = 0, (2.12a)
Dµφ = 0, (2.12b)
Fµν +
1
2ǫµνρλF
ρλ = 0. (2.12c)
The zero modes Φ0’s, being classical configurations, must satisfy the BPS equations in (2.12a),
(2.12b) and (2.12c). In particular, (2.12c) implies that the field strength of the zero mode gauge
field A0 must be anti self-dual, and hence they must produce anti instantons. To look for nearby
zero modes, we study fluctuations about an anti instanton, which we further assume to be isolated.
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From here on, we shall deal only with anti instantons, and as such we will simply refer to them as
instantons for brevity.
The constraints Dµφ0 = 0 and [φ0, φ0
†] = 0 are satisfied by the trivial solution φ0 = 0. This is
that same as insisting that φ has no zero modes. Additionally, this also means that the zero modes
A0 correspond to irreducible connections.
3 This further tells us that the only bosonic zero modes
come from the gauge field A0, and that they correspond to irreducible, anti self-dual connections.
Hence, bosonic zero modes are characterized by the relation (2.12c) which may be written as the
anti self-duality condition
F = − ∗ F, (2.13)
where ∗ is the Hodge star operation. Recall that we have defined the bundle E over M4 with gauge
curvature F .
Further taking the modulo of gauge transformations that leave (2.12c) invariant, the fluctuations
As that appear in the path-integral measure will correspond to the collective coordinates of the
moduli space of instantons with the instanton number k defined by
k =
1
8π2
∫
M4
Tr (F ∧ F ) . (2.14)
We shall denote this moduli space by Mkinst (M4), and correspondingly its (virtual) dimension by
NI = dim
(Mkinst (M4)). We shall now analyze the zero modes of the fermions η, χµ, λµν . Since
we have restricted ourselves to gauge connections A that are irreducible, and moreover, since they
are also regular, it can be argued that η and λ do not have any zero modes [14]. Thus, the only
fermionic expansion coefficients that contribute to the path-integral measure come from χ.
The number of bosonic zero modes is, according to our analysis above, given by the dimension
NI of Mkinst (M4). As for the zero modes of χ, the dimension of the kernel of the Dirac operator
iDF which acts on χ in the Lagrangian is equal to the index of iDF ; in other words, the number
of zero modes of χ is given by dim(Ker(iDF )) = ind(iDF ). This index also counts the number of
infinitesimal connections δA where gauge-inequivalent classes of A+ δA satisfy the anti self-duality
condition (2.12c). Therefore, the number of zero modes of χ will also be given by the dimension NI
of Mkinst (M4). Altogether, this means that after integrating out the non zero modes, we can write
the remaining part of the measure in the expansion coefficients A0
i and χ0
i of the zero modes of A
and χ as
NI∏
i=1
dA0
idχ0
i. (2.15)
Notice that the NI distinct dχ0
i’s anti-commute. Hence, (2.15) can be interpreted as a natural
measure for the integration of a differential form on Mkinst (M4).
3A connection A is irreducible if the stabilizer of G is equal to its center Z(G). Elements of the stabilizer Stabl(G)
are covariantly constant – i.e. γ ∈ Stabl(G) take the form DAγ = 0. Elements of Z(G) commute with all other
elements in G – i.e. γ˜ ∈ Z(G) satisfies [γ˜, f ] = 0 for f ∈ G. Here, φ0, which is a g-valued function, satisfies both
conditions. On one hand, we have Dµφ0 = 0 from (2.12b), which means that φ0 ∈ Lie(Stabl(G)). On the other
hand, (2.12a) and the assumption φ = 0 implies that [φ, T a] = 0, where T a are generators of G. This means that
φ ∈ Lie(Z(G)). Hence, the connections A considered here are indeed irreducible.
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Next, it is known that the U (1)R charges
4 for the physical fields (Aµ, φ, η, χµ, λµν) are given
by (0, 2,−1, 1,−1). Hence, the only non-zero contributions to the U (1)R charge of the measure
come from the fermions η, χµ, λµν . Using index theorem, it can be shown that the number of χ0’s
minus the combined number of η0 and λ0 is also NI. For a compact semi-simple gauge group G,
we have [15]
NI = p1[E]− 1
2
dimG (χ− τ) , (2.16)
where p1[E] is the first Pontrjagin class of the bundle E, while χ is the Euler characteristic of M4,
and τ is the signature of M4. In particular when G = SU (2), this becomes
NI = 8k − 3
2
(χ− τ) , (2.17)
where k is the instanton number like before.
As mentioned in an earlier part, the integer NI also coincides with the number of χ zero modes.
This means that the number of χ0 is determined by the U (1)R charge of the integration measure. In
order for the correlation function to be non-vanishing, we need the product of operators O1 · · · On
to carry a U (1)R charge equal to NI, because of the nature of Grassmannian integrals. For an
integration measure dχ0
1 · · · dχ0NI , we need the integrand to be of the form χp1 · · ·χpNI – i.e.
the integrand must contain some arbitrary product of the expansion coefficients for which each
expansion coefficient appears exactly once.
To elaborate on the point made about the measure in (2.15), we may also consider a linear
combination of these products, which is totally anti-symmetric – i.e.
O1 · · · On = Ωp1···pNIχp1 · · ·χpNI . (2.18)
In doing so, we may write the n-point correlation function (2.3) in terms of (2.18) as∫ NI∏
i=1
dA0
idχ0
i Ωp1···pNIχp1 · · ·χpNI =
∫
dA0
p1 · · · dA0pNI 1
NI!
Ωp1···pNI
=
∫
Mk
inst
(M4)
1
NI!
Ωs1···iNIdA0
i1 ∧ · · · ∧ dA0iNI
=
∫
Mk
inst
(M4)
Ω,
(2.19)
where we have made use of the fact that
∫
dχ1 · · · dχNI
(
χp1 · · ·χpNI
)
= 1
NI!
δ1
[ p1
· · · δNI
pNI ]
in the
first equality. Hence, the correlation function (2.3) can be viewed as an integration of the top form,
Ω, over Mkinst (M4). This just defines the Donaldson invariants.
Relation between Donaldson-Witten Theory and Instanton Floer Homology
We shall now review various formulas presented by Donaldson and Atiyah in [16, 17], that relate
Donaldson and Floer theory on a four-manifold with boundary.
4Quantum mechanically U (1)R is broken down to a discrete subgroup Z4N for the pure SU (N) N = 2 Yang-Mills
theory. Due to the presence of instantons, the measure is only invariant under the discrete group Z4N . This will not
an issue here, since we are currently interested in the classical (zero) modes of the theory.
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To this end, consider DW theory on M4 = Y3 × R+, where Y3 can be interpreted as the
boundary of M4, and the half real-line R
+ can be interpreted as the time direction. We may then
include the other nilpotent scalar supercharge Q, so that the Hamiltonian H may be defined via
the supersymmetry algebra {Q,Q} = 2H. (2.20)
Furthermore, the operators Q,Q and H all commute with each other, which means that energy
eigenstates are in one-to-one correspondence with the states of either Q- or Q- cohomologies.
Next, we recall that physical operators O must be Q-invariant. At the same time, O cannot
be allowed to be Q-exact – i.e. O 6=
{
Q, O˜
}
, for some other operator O˜. Otherwise, correlation
functions involving such a O will be vanishing, since 〈{Q, · · · }〉 = 0. Using the state-operator
correspondence, we then have Q-closed states |O〉 which cannot be written as Q|O˜〉 – these states
|O〉 then correspond to classes of the Q-cohomology of DW theory.
Note also, that these states |O〉 must transform in the same manner under Q, because Q and Q
are mapped into each other under a time-reversal symmetry transformation (See equation (4.9) of
[1]). As such, the states |O〉 are also identified with classes of the Q cohomology group. Collectively,
we have Q|O〉 = 0 = Q|O〉. (2.20) then implies that these states have zero energy eigenvalues.
Hence, zero energy ground states also correspond to classes of the Q-cohomology group.
Physically, an instanton allows for quantum tunneling between two ground states. We want,
however, unique ground states that cannot be accessed from other states via tunneling. The
topological term can be interpreted as a supersymmetric 1d sigma model on the space of SU(2)
connections on Y3 with potential hY3 =
1
2
∫
Y3
Tr (AY3∧dAY3+ 23AY3∧AY3∧AY3) – the Chern-Simons
functional of AY3 . Ground states are obtained by extremizing the potential hY3 – which turn out
to be flat connections on Y3. This describes the Q-cohomology of the 1d sigma model, which can
be identified with the instanton Floer homology HFinst∗ (Y3).
According to the general ideas of quantum field theory, when the theory is formulated on such
an M4, one must specify the boundary values of the path-integral fields along Y3. Let us denote
ΦY3 to be the restriction of these fields to Y3; then, in the Hilbert space of states H , specifying a
set of boundary values for the fields on Y3 is tantamount to selecting a functional Ψ(ΦY3) ∈ H .
Since the Q-cohomology of the sigma model is annihilated by H – i.e. it is time-invariant – one
can take an arbitrary time-slice in M4 and study the quantum theory formulated on Y3 instead; in
this way, Ψ(ΦY3) ∈ H can be interpreted as a state in the Hilbert space H of the quantum theory
on Y3. As a result, via a state-operator mapping of the TQFT, we may use Ψ to impose boundary
conditions on the fields. The correlation function will then be given by
〈O1 . . .On〉Ψ(ΦY3 ) =
∫
DΦ e−S O1 . . .On ·Ψ(ΦY3). (2.21)
Since the theory ought to remain topological in the presence of a boundary Y3, it must be
that [Q,Or } = 0 = [Q,Ψ}. Moreover, if Ψ = [Q, . . . }, the fact that [Q,Or } = 0 implies that
(2.21) will also be zero. Thus, (2.21) depends only on Ψ via its interpretation as a Q-cohomology
class, and since Ψ is associated with the quantum theory on Y3, we can identify Ψ as a class
in the instanton Floer homology HFinst∗ (Y3). (2.21) will then represent a Donaldson invariant
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with values in HFinst∗ (Y3) – a homology group from instantons. This is the relation between
Donaldson and Floer theory on M4 as described by Donaldson in [17]. The underlying chain
complex of HFinst∗ (Y3) is graded by the relative Morse index between a pair of critical points of the
Chern-Simons functional. Since the coboundary operator corresponding to Q counts the number of
instanton tunneling solutions between a pair of critical points, the grading of HFinst∗ (Y3) coincides
with the instanton number.
In particular, if the virtual dimension NI (given by an open version of (2.16)) vanishes,
5 which
means that the operators O1 . . .On must be replaced with the identity operator 1, (2.21) becomes
ZM4 = 〈1〉Ψ(ΦY3 ) =
∑
i
Ψinst(Φ
i
Y3
) (2.22)
In other words, the partition function onM4 is a sum of instanton Floer homology classes Ψinst(Φ
i
Y3
),
where i denotes the ith (flat) gauge connection on Y3 that descends from an instanton solution on
M4.
We will be dealing with observables of the form (2.22), unless otherwise stated.
2.2 Donaldson-Witten Theory and a 2d A-model
In §2.1, we see that the partition function of DW theory sums classes of instanton Floer homology
associated with the boundary of M4. In this paper, we would like to relate Floer homologies to
quantum cohomology, which is defined by 2d topological sigma models [4].
To do that, we take M4 = Σ × C, where Σ and C are both smooth and compact Riemann
surfaces with genera g and h, respectively. Unless stated, we shall assume that g, h > 1, so that the
connections on the reduced Riemann surface will be irreducible. We may shrink either Riemann
surface to obtain an effective 2d theory on the remaining Riemann surface. In this subsection, we
will explain that this effective 2d theory is the relevant 2d topological sigma model. To this end,
we shall rederive the result obtained by Bershadsky et al. [3], and flesh out the points relevant to
our paper.
The Adiabatic Limit and a 2d A-model with Target the Moduli Space of Flat Connec-
tions
The Adiabatic Limit
Since we have a product manifold, the metric may be written in a block diagonal form
ds2 = (GΣ)AB dx
AdxB + (GC)ab dx
adxb, (2.23)
and hence, we may also decompose the G-connections on M4 as Aµdx
µ = (AΣ)A dx
A + (AC)a dx
a,
where AΣ and AC are connections on Σ and C, respectively.
5As it will be explained in §4.1, we may write M4 = R
+ × Y3 ∼= R
+ × I × Σ, where I is an interval and Σ is
a compact Riemann surface with genus g. The open version of the index theorem differs from (2.16) by the eta
invariant, which also has no dependence on g. Since we can write M4 as a product manifold, its Euler characteristic
can be written as χ(M4) = χ(R
+) ·χ(Y3). Furthermore, since R
+ is topologically trivial – i.e. χ(R+) = 0 – the Euler
characteristic of M4 vanishes. Hence, setting NI = 0 places no constraints on the value of g.
13
To shrink C, we may deform this metric by multiplying in a scaling factor ε, such that
ds2 → ds′2 = (GΣ)AB dxAdxB + ε (GC)ab dxadxb, (2.24)
and then set ε→ 0.
This is known as the adiabatic limit, which is the same as physically shrinking C, leaving behind
an 2d effective gauge theory. Equivalently, we may view this as the limit in which we take Σ to
be much bigger than C. This is why we have denoted indices on the small Riemann surface C as
a, b, · · · , and those on its large counterpart Σ as A,B, · · · .
Consider now a generic pure Yang-Mills theory, which may not necessarily be supersymmetric,
for which the kinetic action of the gauge fields may be written as
SKE =
1
4e2
∫
M4
dx4
√
GM4Tr (F
µνFµν) . (2.25)
This can be decomposed as
SKE =
1
4e2
∫
M4
dx4
√
GM4Tr (F
µνFµν) =
1
4e2
∫
Σ×C
dx4
√
GΣ
√
GCTr
(
FABFAB + F
abFab + 2F
AaFAa
)
.
(2.26)
Upon applying the ε deformation, (2.26) becomes
1
4e2
∫
Σ×εC
dx4
√
GΣ
√
GCTr
(
εFABFAB + ε
−1F abFab + 2F
AaFAa
)
, (2.27)
having noted that F ab → ε−2F ab, FAa → ε−1FAa and √GC → ε
√
GC .
Setting ε → 0 amounts to the first term vanishing. Furthermore, to prevent the second term
from blowing up, we are forced to impose the flatness condition
Fab = 0 (2.28)
This means that there are flat connections living on the small Riemann surface C, and these are the
bosonic zero modes on C. Further taking variations around AC in the form of gauge transformations
AC → AC + δAC , we may then look for nearby gauge-inequivalent solutions. Equivalently, (2.28)
can be linearized to give
DaδAb = DbδAa, (2.29)
which provides solutions correspond to nearby zero modes. So, these solutions spans the moduli
space of flat connections on C, which we shall denote by Mflat (C).
It is seen that only the last term of (2.27) – i.e. the mixed term – survives when we shrink C.
As we will see, this surviving term becomes the action for a 2d sigma model on Σ.
Furthermore, since we have shrunken the x3- and x4- directions away, the ensuing 2d action
on Σ should no longer have any dependence on these coordinates. At the same time, information
about the topology of the original four-manifold Σ × C must be retained even if it is shrunken
away, since we began with a 4d TQFT. This information is encapsulated fully, through the maps
X : Σ → Mflat (C). These maps are collective coordinates on Mflat (C), at least for the zero
instanton sector.
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The Moduli Space of Flat Connections
Like [3], we may write the variations δAC in terms of basis cotangent vectors αIC onMflat (C),
up to a gauge transformation. Here, the indices I = 1, · · · ,dim(Mflat (C)) describe the collective
coordinates on Mflat (C). Explicitly, these variations may be written as
∂AC
∂XI
= αIC −DCEI , (2.30)
where the gauge parameter EI can now be identified with connections on Mflat (C). The target
space is curved in general.
It is well known that the moduli space of flat connections on a Riemann surface is a Ka¨hler
manifold. We may define its symplectic form and metric as [3]
ωflatIJ =
∫
C
d2w Tr (αIwαJw − αIwαJw) , (2.31)
GflatIJ =
∫
C
d2w Tr (αIwαJw + αIwαJw) , (2.32)
where we have switched to complex coordinates on M4, defined by
z = x1 + ix2, w = x3 + ix4,
z = x1 − ix2, w = x3 − ix4,
(2.33)
and
Az =
1
2
(A1 − iA2) , Aw = 1
2
(A3 − iA4) ,
Az =
1
2
(A1 + iA2) , Aw =
1
2
(A3 + iA4) .
(2.34)
The Sigma Model Action
Furthermore, it is known that for flat connections on C, we can write the mixed components of
the field strength [3, 18] as
FΣC =
(
∂ΣX
I
)
αIC , (2.35)
where XI = XI(z, z) are the real local coordinates on Mflat (C). Here, we have chosen the gauge-
fixing condition [3] DCαIC = 0.
Making use of (2.35), we can then write the surviving term in (2.27) as
S′KE =
1
e2
∫
Σ
d2z
(∫
C
d2w Tr (αIwαJw + αIwαJw)
)
∂zX
I∂zX
J
=
1
e2
∫
Σ
d2z GflatIJ ∂zX
I∂zX
J
(2.36)
This is the standard action for a 2d sigma model on Σ, with constant maps to the target space
Mflat (C), which resulted from the 4d Yang-Mills action in the zero instanton sector.
Since Mflat (C) is complex, we can write the action (2.36) in terms of complex coordinates
XI ,XJ , where the barred indices denote complex conjugation. The action may be rewritten as
S′KE =
1
2e2
∫
Σ
d2z Gflat
IJ
(
∂zX
I∂zX
J + ∂zX
I∂zX
J
)
. (2.37)
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As an aside, we may link this to our previous discussion about instanton Floer homology.
There, we mentioned that the critical points of the Chern-Simons functional correspond to flat
connections. This can be viewed alternatively as shrinking Y3, which amounts to deforming the
kinetic term F ∧∗F in the same manner as we did in (2.27). This then leads to the same conclusion
that the zero modes (critical points) are flat connections on Y3, a result analogous to that in (2.28).
Pullback of the Symplectic Form
There is a topological term in the action (2.1), which takes the form
∫
M4
Tr (F ∧ F ). Let us
now examine the instanton number (2.14), which may be written in component form as
k =
1
16π2
∫
M4
d4xTr
(
1
2
ǫµνρλFµνFρλ
)
. (2.38)
Taking the four manifold to be of the form M4 = Σ× C, and shrinking C, (2.38) becomes
k =
1
8π2
∫
Σ×εC
d4xTr
(
ǫAaBbFAaFBb
)
=
1
4π2
∫
Σ×εC
d4xTr (FzwFzw − FzwFzw) ,
(2.39)
where the flatness condition (2.28) has been applied. Let us switch gears for a moment, and use
real coordinates X, like (2.36). Further using (2.35), (2.39) then becomes
k =
1
2π2
∫
Σ
d2z(∂zX
I∂zX
J )
(∫
C
d2w Tr (αIwαJw − αIwαJw)
)
=
1
2π2
∫
Σ
d2z ωflatIJ (∂zX
I∂zX
J ),
(2.40)
where the last equality makes use of the definition of the Ka¨hler symplectic form ωflatIJ (2.31).
This expression defines the degree [19, 20] of generic maps X. Hence, the instanton number k
is identified with the degree of maps X : Σ → Mflat (C), and we can then say that there is an
isomorphism between the moduli space of k instantons and the moduli space of degree k maps from
Σ to Mflat (C), which we shall denote as Mkmaps (Σ→Mflat (C)).
Note that (2.40) can be rewritten as a pullback of the Ka¨hler form ωflat. Specifically, one can
write
k =
1
8π2
∫
M4
Tr (F ∧ F ) =
∫
Σ
X∗ωflat (2.41)
We shall use the expression in (2.41) for compactness.
Adiabatic Limit of Donaldson-Witten Theory
Before we analyze DW theory on M4 = Σ × C, let us first look at a pure, untwisted N = 2
super Yang-Mills theory on a flat four-manifoldM4 = R
4 = R2×R2, which contains 8 supercharges.
Following which, we may replace one of the 2d planes R2 by a compact Riemann surface which we
call C, so that the four-manifold now becomes M4 = R
2×C. In doing so, supersymmetry is broken
by half – i.e. only 4 supercharges survive. Further reducing on C then gives rise to a 2d theory on
R
2 with 4 supercharges. This is a 2d theory with N = (2, 2) supersymmetry.
16
A topological twist can be carried out, so that the remaining flat two-manifold R2 can be
replaced by a generic curved Riemann surface Σ. Consequently, this gives us a 4d twisted N = 2
pure gauge theory on M4 = Σ × C – i.e. DW theory – which descends to a 2d twisted N = (2, 2)
theory on Σ.
Note that as a consequence of (2.28) and (2.37), shrinking C leads to a 2d sigma model on
Σ with target Mflat (C). This means that the 2d N = (2, 2) theory is a sigma model on target
Mflat (C) worldsheet Σ, whose fermi fields can be determined from supersymmetry.
Let us briefly explain how the fermions in the A-model are determined from DW theory. These
worldsheet fermions descend from 4d DW fermions – i.e. the 1-form χC and 2-form λCΣ, defined
overM4 – which were the only non-auxiliary fermi fields obtained upon shrinking C. These fermions
are really cotangent vectors on the ensuing target space Mflat (C), and hence can be written in
terms of basis cotangent vectors α as
χw = χ
IαIw (2.42)
χw = χ
IαIw (2.43)
λwz = ρz
IαIw (2.44)
λwz = ρz
IαIw. (2.45)
From the above, one can see that χC can also be interpreted as a 1-form on C, and a 0-form
on Σ. Likewise, λCΣ can also be interpreted as a 1-form on C, and a 1-form on Σ.
Next, consider the 4d supersymmetric transformation δλµν = iζF
+
µν (see (2.2)). After shrinking
C, the only surviving 2-form fermi terms are λwz = ρz
IαIw and λwz = ρz
IαIw. Further recalling
(2.35), and using complex coordinates on Mflat (C), the ensuing 2d supersymmetric transforma-
tions6 can then be written as
δρz
I = − i
2
ζ
(
∂zX
I
)
δρz
I = − i
2
ζ
(
∂zX
I
)
.
(2.46)
Hence, the corresponding BPS equations of the 2d sigma model are
∂zX
I = 0
∂zX
I = 0,
(2.47)
which means that the maps XI : Σ→Mflat (C) are holomorphic maps.
Finally, that we have the pullback in (2.41) means that the N = (2, 2) sigma model on Σ must
correspond to the A-twisted sigma model, which has the action
S′DW =
1
e2
∫
Σ
d2z
(
Gflat
IJ
(
1
2
∂zX
I∂zX
J +
1
2
∂zX
I∂zX
J + ρz
J∇zχI + ρzI∇zχJ
)
−RIJKLρzIρzJχKχL
)
+ iθ
∫
Σ
X∗ωflat
(2.48)
6It can be seen from [3] that the only non-zero basis cotangent vectors are αIw and αIw. We have made use of
this fact to obtain (2.46).
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whereRIJKL is the Riemann curvature tensor onMflat (C), and∇zχI = ∂zχI+χJΓIJK∂zXK . Here,
ΓIJK are the Christoffel symbols onMflat (C). The maps XI : Σ→Mflat (C) are holomorphic maps
of degree k; these maps are also known as 2d holomorphic instantons.
The reader may refer to appendix A of [3] for more details on the derivation of the fermionic
part of (2.48).
This action can further be rewritten [7] as the sum of a Q-invariant term (in the pertur-
bative regime), and a metric-independent one (topological) with mixed gauge coupling. Hence,
Q-cohomology can also be defined on the topological sigma model on Σ. The crux here is that the
Q-cohomology of the 4d DW theory is isomorphic to the Q-cohomology of the 2d A-twisted sigma
model on Σ with targetMflat (C), since scalar Q is scale-invariant. Therefore, states of DW theory
are identified with states of the 2d A-model.
3 Monopole Floer Homology and a 2d A-model from 4d N = 2 TQFT
3.1 Review of Seiberg-Witten Theory and its Relation to Monopole Floer Ho-
mology
In the low energy limit of DW theory, the gauge group symmetry G is broken to its maximal torus
T = U (1)R, where R is the rank of G. In particular, G = SU (2) is broken to U (1) so that we now
have a N = 2 U(1) gauge theory. Further coupling the pure theory to a single (spinor) monopole
field M , one then obtains the SW theory.
Here, monopole analogs of objects defined in §2.1 may also be written down. In particular,
monopole Floer homology can be defined instead of instanton Floer homology considered in §2.1.
In this paper, we shall describe SW theory independently of DW theory, and take G = U(1).
Seiberg-Witten Theory
For the purpose of this paper, we will work exclusively with the topologically twisted version 7 of
the SW theory. Henceforth, we shall refer to this twisted theory simply as the SW theory. Like
DW theory, this is a N = 2 gauge theory. There are two main differences however. Firstly, the
gauge group is now just U (1), 8 which immensely simplifies calculations. Secondly, the SW theory
is made up of a N = 2 U (1) pure gauge theory coupled to a massless monopole hypermultiplet.
Being a TQFT, the action is Q-exact up to a topological term (See [14] for example). We can
7The twisted theory differs from the untwisted one in that the monopole fields, which were originally made up of
a SU (2)R doublet of complex scalar fields, become spinors upon topological twisting.
8More generally, it is an abelian group given by U (1)R, where R ∈ Z+. There is also a nonabelian version of SW
theory, which produces nonabelian monopoles instead [13].
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write the action in [13], after some appropriate rescalings, as
SSW =
1
e2
∫
M4
d4x
√
GM4{Q, VSW}+
iθ
8π2
∫
M4
(F ∧ F )
=
1
e2
∫
M4
d4x
√
GM4
[
−1
4
F
α˙β˙
F α˙β˙ − iM(α˙ M β˙ )F α˙β˙ +M
(α˙
M β˙ )M(α˙ M β˙ )
+DµφD
µφ− iχµDµη − iλα˙β˙ (σµν)α˙β˙Dµχν −M
α˙
Dα˙αD
αβ˙M
β˙
− iναDα˙αµα˙ − iµα˙Dαα˙να − 1√
2
(
M
α˙
χαα˙ν
α − ναχα˙αMα˙
)
− 1√
2
λ
α˙β˙
(
(i+ 1)M
(α˙
µ β˙ ) + (i− 1)µ(α˙ M β˙ )
)
−
√
2
(
M
α˙
ηµα˙ − µα˙ηMα˙
)
− i
√
2ναφν
α + i
√
2µα˙φµα˙ − 2M α˙φφMα˙
]
+
iθ
8π2
∫
M4
(F ∧ F ) ,
(3.1)
where VSW is a gauge-invariant fermionic operator. Here. M denotes the spinor monopole fields,
and the symmetric product M(α˙ M β˙ ) may be defined in matrix form as
M(α˙ M β˙ ) =
 −M1M2 12 (|M1|2 − |M2|2)
1
2
(
|M1|2 − |M2|2
)
M1M2
 .
The corresponding supersymmetric transformations are
δAµ = ζχµ,
δφ = 0,
δφ† = 2
√
2iζη,
δη = iζ[φ, φ†],
δχµ = 2
√
2ζDµφ,
δλ
α˙β˙
= iζ
(
F+
α˙β˙
+ 2iM (α˙M β˙)
)
,
δMα˙ = −
√
2ζµα˙,
δM α˙ =
√
2ζµα˙,
δµα˙ = 2iζφMα˙,
δµα˙ = 2iζM α˙φ,
δνα = −i
√
2ζDα˙αMα˙,
δνα = −i
√
2ζDαα˙M
α˙
.
(3.2)
Notice that all fields of the N = 2 vector multiplet transform in the same way as (2.2), except for
the fermionic 2-form λµν , whose susy transformation is modified by the presence of monopoles. It
should be noted if the hypermultiplet fields are set to zero, a pure U(1) theory will be obtained,
with the action and supersymmetric transformations taking the form of (2.1) and (2.2).
Observables of the Seiberg-Witten Theory
There are many similarities between observables of the DW theory and those of the SW theory.
Like the DW theory, we may also consider the set of n Q-invariant operators Or where r = 1, · · · , n.
The correlation functions take the same form as (2.3), and the same arguments apply, since we
may also write the SW action in a Q-exact form.
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Furthermore, due to supersymmetry, the theory is symmetric in the number of bosonic and
fermionic degrees of freedom despite the extra field content. Hence, the contribution from the
non-zero modes to the correlation function is still a factor of ±1. Correlation functions may then
be defined up to a sign.
In the zero mode sector, however, we start to see some differences. The BPS equations are now
Dµφ = 0, (3.3a)
F+
α˙β˙
+ 2iM (α˙M β˙) = 0 (3.3b)
φMα˙ = 0 (3.3c)
M α˙φ = 0 (3.3d)
Dα˙αMα˙ = 0 (3.3e)
Dαα˙M
α˙
= 0. (3.3f)
We shall take the trivial solution φ0 = 0 like before. Then, (3.3b), (3.3e) and (3.3f) are, collectively,
the well-known SW equations, which take the form
F+
α˙β˙
= −2iM (α˙M β˙) (3.4a)
Dα˙αMα˙ = 0 (3.4b)
Dαα˙M
α˙
= 0 (3.4c)
for which the solutions are U(1) monopoles. So, zero modes of SW theory are monopoles. Gauge-
inequivalent solutions to (3.4) then spans the moduli space of charge q monopoles, which we shall
denote by Mqmono (M4). Like instantons, the monopole charge is a topological invariant, and is
defined by the first Chern number [21, 22] of the U(1) line bundle over M4. Over a closed surface
S , this may be written as
q =
1
2π
∫
S
F ∈ Z. (3.5)
In general, we may choose any S ⊂M4, as long as we assume that S wraps around the monopole.
Let us define a U(1) line bundle L, and a spin bundle S = S+⊕S−. A section of L is the gauge
field A, while a section of S± is either a left- or right-handed spinor, depending on the sign. We
take M to be a section of S+. Hence, the topological data of the SW equations is determined by
the bundles L and S+.
U(1)R charges for the fields (Aµ, φ, η, χµ, λµν ,M
α˙, µα˙, να) are (0, 2,−1, 1,−1, 0,−1,−1), re-
spectively. The hypermultiplet fermions µα˙ and να, and their conjugates have opposite R-charges.
Hence, the only non-vanishing contributions to the U(1)R charge of the measure come from the
N = 2 vector multiplet fermions η, χµ, λµν like before. The virtual dimension of the moduli space
of charge q monopoles, NM = dim (Mqmono (M4)), is [23]
NM = −2χ+ 3τ
4
+ c1(L)
2, (3.6)
where χ is the Euler characteristic of M4, and τ is the signature of M4. Like before, operator
insertions must absorb the fermionic zero modes, or else correlation functions will be vanishing due
to the nature of Grassmannian integrals.
20
Relation Between Seiberg-Witten Theory and Monopole Floer Homology
We shall takeM4 = R
+×Y3, where R+ is identified with the time direction. Like DW theory, we can
rewrite the SW theory as a supersymmetric 1d sigma model on the space of U(1) connections and
monopole fields on Y3. Instead of having a Chern-Simons potential like the DW case, we now have
a Chern-Simons-Dirac potential [2], which takes the form hY3 =
1
2
∫
Y3
(AY3 ∧ dAY3 + (M,DY3M)),
where the second term (M,DY3M) – an inner product – describes the dynamics of the monopole
(spinor) fields in the presence of gauge fields on Y3.
The critical points of the Chern-Simons-Dirac potential are in one-to-one correspondence with
the ground states and hence Q-cohomology of the 1d sigma model, and they correspond to the
monopole Floer homology HFmono∗ (q, Y3), where q is the monopole charge (3.5). The underlying
chain complex of HFmono∗ (q, Y3) is graded by the relative Morse index between a pair of critical
points of the Chern-Simons-Dirac functional. Since the coboundary operator corresponding to Q
counts the number of solutions of the SW equations between a pair of critical points, the grading
of HFmono∗ (q, Y3) coincides with the number of solutions of the SW equations.
If the virtual dimension NM (given by an open version of (3.6)) vanishes,
9 the only SW observ-
ables are partition functions of the form (2.22):
ZM4 = 〈1〉Ψ(ΦY3 ) =
∑
i
Ψmono(Φ
i
Y3
) (3.7)
In other words, the partition function onM4 is a sum of monopole Floer homology classes Ψmono(Φ
i
Y3
),
where i denotes the ith gauge connection and monopole field on Y3 that descends from a monopole
solution on M4.
We will be dealing with observables of the form (3.7), unless otherwise stated.
3.2 Seiberg-Witten Theory and a 2d A-model
It was suggested in [5] that starting with SW theory on M4 = R
2 ×C, a dimensional reduction on
C should give rise to a 2d A-model with the moduli space of charge q vortices on C as its target
space.
We would now like to physically prove the suggestion in [5], by making use of the technique
discussed in §2.2. Furthermore, we will generalize to the case where R2 is replaced by a generically
curved Riemann surface Σ. To this end, let us consider SW theory on M4 = Σ× C.
The Adiabatic Limit and a 2d A-model with Target Moduli Space of Charge q Vortices
Looking at the action in (3.1), it can be seen that the first three terms of the Q-exact action can
be combined to give a modified gauge curvature, which can be written in bispinor representation
as
Fα˙β˙ = Fα˙β˙ + 2iM (α˙ M β˙ ). (3.8)
9As it will be explained in §4.1, we may write M4 = R
+ × Y3 ∼= R
+ × I × Σ, where I is an interval and Σ
is a compact Riemann surface with genus g. The open version of the index theorem differs from (3.6) by the eta
invariant, which also has no dependence on g. Since we can write M4 as a product manifold, its Euler characteristic
can be written as χ(M4) = χ(R
+) ·χ(Y3). Furthermore, since R
+ is topologically trivial – i.e. χ(R+) = 0 – the Euler
characteristic of M4 vanishes. Hence, setting NM = 0 places no constraints on the value of g.
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In the vector representation of the Lorentz group (see appendix A), this can also be written as
Fµν = Fµν − i (σµν)α˙β˙M(α˙ M β˙ ). (3.9)
The action in (3.1) may then be rewritten as
SSW =
1
e2
∫
M4
d4x
√
GM4
[
−1
4
FµνFµν +DµφDµφ− iχµDµη − iλα˙β˙ (σµν)α˙β˙ Dµχν
−M α˙Dα˙αDαβ˙Mβ˙ − iναDα˙αµα˙ − iµα˙Dαα˙να
− 1√
2
λ
α˙β˙
(
(i+ 1)M
(α˙
µ β˙ ) + (i− 1)µ(α˙ M β˙ )
)
− 2M α˙φφMα˙
−
√
2
(
M
α˙
ηµα˙ − µα˙ηMα˙
)
− i
√
2ναφν
α + i
√
2µα˙φµα˙
− 1√
2
(
M
α˙
χαα˙ν
α − ναχα˙αMα˙
) ]
+
iθ
8π2
∫
M4
(F ∧ F ) .
(3.10)
Following the arguments used in §2.2, we must have flat modified connections on the reduced
directions on C, to ensure a finite action. Likewise, the monopole kinetic term, −M α˙Dαα˙Dβ˙αMβ˙,
must also be set to zero on C. So, we need to impose the conditions
Fab = 0 (3.11a)(
M
α˙
Dαα˙D
β˙αM
β˙
)
ab
= 0, (3.11b)
where the C components of (3.11b) may be obtained by switching from the bispinor representation
to the vector representation.
After some simplifications, and writing in terms of complex coordinates defined in (2.33), (3.11)
becomes
F34 =
1
2
(
|M1|2 − |M2|2
)
(3.12a)
DwM1 = 0 (3.12b)
DwM2 = 0. (3.12c)
To obtain vortex equations, we may freeze out two monopole degrees of freedom. 10 To this
10
We can perturb the SW equations(3.4) by adding a closed 2-form Ω = 1
2
(
dx1 ∧ dx2 + dx3 ∧ dx4
)
without affecting
the corresponding correlation functions [23], so that
Fµν = i (σµν)
α˙β˙
M(α˙ M β˙ ) + Ωµν . (3.13)
Shrinking C, and ensuring that the action remains finite, the perturbed SW equations become
F34 =
1
2
(
1 + |M1|
2 − |M2|
2
)
(3.14a)
DwM1 = 0 (3.14b)
DwM2 = 0. (3.14c)
Since we have a TQFT, C can be taken to very large, so that “boundary conditions” can be imposed. If we take
|M2| → 1 when |w| → ∞, solutions to (3.14) then necessarily requires that M1 = 0, so that F34 → 0 on the boundary.
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end, let us conveniently choose M1 = 1 and M2 = ϕ, so that (3.11) becomes
Fww =
i
4
(
1− |ϕ|2
)
Dwϕ = 0
(3.16a)
(3.16b)
which are indeed vortex equations on C. Similar derivations can be found in §3 of [13].
The Moduli Space of Charge q Vortices
To look for nearby gauge-inequivalent solutions, vortex equations (3.16) can be linearized as
DwδAw −DwδAw = i4 (δϕ · ϕ+ ϕ · δϕ) (3.17a)
Dwδϕ = iδAwϕ. (3.17b)
Further choosing the gauge-fixing condition [24]
DwδAw +DwδAw =
i
4
(δϕ · ϕ− ϕ · δϕ) , (3.18)
we may rewrite the linearized vortex equations as
DwδAw =
i
4δϕ · ϕ (3.19a)
Dwδϕ = iδAwϕ. (3.19b)
Solutions to (3.19) then span a moduli space of vortices Mqvort (C), where q is the vortex charge.
The vortex charge is defined very similarly to the monopole charge (3.5), with the difference
that it is defined in a 2d theory, say on a Riemann surface C. The vortex charge [24] can be written
as
q =
1
2π
∫
C
F ∈ Z. (3.20)
Referring to (3.5), if we restrict the surface S ⊂M4 to C – i.e. set S = C – the monopole charge
(3.5) takes exactly the same form as (3.20). Hence, the monopole charge descends trivially to the
vortex charge upon shrinking C.
Since there are additional bosonic degrees of freedom on C – being those of the vortex fields ϕ
– we can also define the variations (δϕ, δϕ) in terms of additional basis cotangent vectors (βI , βI).
Using the same technique used in §2.2, we may then write the variations, in terms of collective
coordinates X : Σ→Mqvort (C) and basis cotangent vectors (αIC , βI), as
∂AC
∂XI
= αIC + ∂CEI (3.21a)
∂ϕ
∂XI
= βI + iEIϕ (3.21b)
∂ϕ
∂XI
= βI + iEIϕ, (3.21c)
This then gives us the vortex equations
F34 =
1
2
(
1− |ϕ|2
)
(3.15a)
Dwϕ = 0, (3.15b)
where ϕ = M2 is now identified with the vortex field. Physically, this is tantamount to freezing out two monopole
degrees of freedom.
If we began with the unperturbed SW equations (3.4) instead, shrinking C leads to (3.12), which produces the same
set of solutions. To obtain vortex equations (3.15) from (3.12), we may simply set |M1| = 1 – which, also suppresses
two monopole degrees of freedom. This amounts to choosing the same boundary condition |M2| → 1 in the limit
|w| → ∞, so that F34 also vanishes on the boundary. We can then set |M1| = 1 to obtain the vortex equations (3.16).
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where EI are gauge transformation parameters. The moduli space of vortices, Mqvort (C), is Ka¨hler
[24]. Its metric can be written as
GvortIJ =
∫
C
d2w
(
αIwαJw + βIβJ + αIwαJw + βIβJ
)
, (3.22)
while the symplectic form [25] is
ωvortIJ =
∫
C
d2w
(
αIwαJw + βIβJ − αIwαJw − βIβJ
)
. (3.23)
However, the reduced SW action appears to be unsuitable for deriving the sigma model action.
This problem arises because we chose |M1| = 1 in order to obtain the vortex equations in (3.16),
which means that the surviving monopole kinetic terms in (3.1) becomes only linear in derivatives
of (ϕ,ϕ).
More explicitly, the surviving monopole kinetic terms are the ones with mixed indices – i.e.(
M
α˙
Dα˙αD
αβ˙M
β˙
)
Aa
+
(
M
α˙
Dα˙αD
αβ˙M
β˙
)
aA
=
(
σA
)
αα˙
(σa)β˙αDAM
α˙
DaMβ˙ + (σ
a)αα˙
(
σA
)β˙α
DaM
α˙
DAMβ˙
= −4iAzDwϕ+ 4iDzϕAw + 4iAwDzϕ− 4DiwϕAz,
(3.24)
which are only linear in derivatives of (ϕ,ϕ) indeed.
To get around this problem – i.e. to be able to write down the sigma model action – we can
rewrite spinor monopole fields as monopole vectors instead. Roughly speaking, monopole spinors
can be combined with Pauli matrices (also viewed as gamma matrices) to define vector fields. In
doing so, a modified gauge connection can be written, which is somewhat analogous to the case of
GL-twisted N = 4 theory [26]. Next, we will explain how this procedure can be carried out.
The Bosonic Part of the Sigma Model Action
In its current form, the (A,M) part of the action (3.10) cannot produce the target space metric
(3.22). Here, we shall show how the bosonic part of the sigma model can be obtained.
Instead of choosing M1 = 1 and M2 = ϕ, we shall choose monopole vectors Υ, so that (3.9) can
be rewritten as
Fµν = ∂µ (Aν +Υν)− ∂ν (Aµ +Υµ) . (3.25)
We may then define the corresponding modified gauge connection A with respect to the modified
field strength F – i.e. take A = A+Υ. This can be achieved by setting
∂µΥν − ∂νΥµ = −i (σµν)α˙β˙M(α˙ M β˙ ). (3.26)
Next, we may write the variations of AC and ΥC in terms of basis cotangent vectors, which
we shall now denote by αIC and β˜IC , respectively. We may still define collective coordinates
X : Σ → Mqvort (C) as in (3.21), since solutions to the SW equation descend to the same set of
solutions upon shrinking C. In other words, variations of the pair (AC ,ΥC) still obey the linearized
vortex equations in (3.19).
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Instead of (3.21), the variations here can be written as
∂AC
∂XI
= αIC + ∂CEI (3.27a)
∂ΥC
∂XI
= β˜IC . (3.27b)
The ensuing metric and symplectic forms can then be written as
GvortIJ =
∫
C
d2w
(
αIwαJw + β˜Iwβ˜Jw + αIwαJw + β˜Iwβ˜Jw
)
(3.28)
ωvortIJ =
∫
C
d2w
(
αIwαJw + β˜Iwβ˜Jw − αIwαJw − β˜Iwβ˜Jw
)
. (3.29)
Consequently, we may then write the mixed components of the modified field strength as
FΣC = ∂ΣXI
(
αIC + ∂CEI + β˜IC
)
− ∂CAΣ. (3.30)
So the surviving kinetic Lagrangian in A becomes
L′
(A,Υ)
SW =
1
2e2
FAaFAa
=
1
e2
(
∂zXI∂zX
J
(
αIwαJw + β˜Iwβ˜Jw + αIwαJw + β˜Iwβ˜Jw
)
+∂zXI∂zX
J
(
β˜IwαJw + αIwβ˜Jw + β˜IwαJw + αIwβ˜Jw
)
+ · · ·
)
,
(3.31)
where the ellipses denote extra terms that contain terms with derivatives tangent to C.
The ensuing action can then be written as
S′
(A,Υ)
SW =
1
2e2
∫
Σ
(∫
C
d2w FAaFAa
)
=
1
e2
∫
Σ
GvortIJ ∂zX
I∂zX
J ,
(3.32)
upon further choosing the gauge-fixing condition αIAβ˜J
A = −β˜IAαJA. Note that terms in the
ellipses have vanished since this integration amounts to suppressing the dependence on directions
tangent to C – i.e. setting ∂C = 0. This is indeed the bosonic part of a sigma model action, which
is defined on a worldsheet Σ and target Mqvort (C).
Pullback of the Symplectic Form
Recall the topological term iθ
8π2
∫
M4
(F ∧ F ) in the action (3.1). Note that F only provides the
α part of the symplectic form in (3.29), but not the β˜ part. Furthermore, since the topological
term contributes nothing to the dynamics of SW theory – i.e. it merely produces some number –
it can brought outside of the path integral as a phase factor.
Consider adding to the action, a Q-exact topological term11 of the form
iθStop =
iθ
16π2
∫
M4
d4x
(
− i
2
ǫµνρλ {Q,Fρλλµν}
)
=
iθ
8π2
∫
M4
F ∧ F
+
θ
16π2
∫
M4
d4x ǫµνρλ
(
Dρχλλµν +
1√
2
(σρλ)
α˙β˙
(
M(α˙ µ β˙ ) − µ(α˙ M β˙ )
))
,
(3.33)
11This Q-exact topological term can be added inconsequentially, since it does not contribute to the path integral.
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to allow the appearance of β˜. Note that in shrinking C, no kinetic terms involving the monopole
fermions µ and ν can be obtained. Consequently, they become auxiliary and can be integrated out.
Hence, we may set µ = 0 in (3.33) in the ensuing sigma model on Σ with target Mqvort (C). Fur-
thermore, since this term is topological, there are only fermionic zero modes, whence the fermionic
term Dρχλλµν can be ignored.
Next, (3.33) can be expanded in terms of Σ and C directions. Then, shrinking C, and conse-
quently setting Fab = 0, (3.33) becomes
Stop =
1
8π2
∫
Σ×εC
d4x
(
ǫAaBbFAaFBb
)
=
1
4π2
∫
Σ×εC
d4x (FzwFzw −FzwFzw) ,
(3.34)
where the terms in · · · are ignored in the path integral. Finally, using (3.30) and applying the same
gauge-fixing condition αIAβ˜J
A = −β˜IAαJA, (3.34) becomes
Stop =
1
2π2
∫
Σ
d2z(∂zX
I∂zX
J )
(∫
C
d2w
(
αIwαJw + β˜Iwβ˜Jw − αIwαJw − β˜Iwβ˜Jw
))
=
1
2π2
∫
Σ
d2z ωvortIJ (∂zX
I∂zX
J),
(3.35)
where the last equality makes use of the definition of the symplectic form in (3.29).
This means that (3.35) can also be written as a pullback of the symplectic form as
Stop =
1
8π2
∫
M4
F ∧ F =
∫
Σ
X∗ωvort = k ∈ Z (3.36)
The A-model
The argument preceding (2.48) also applies to the case of SW theory – that is, the (twisted) SW
theory on M4 = Σ× C must also become a twisted N = (2, 2) theory on Σ when C is small. This
is due to the breaking of half the original supersymmetry when a 4d (untwisted) supersymmetric
theory on R2 ×C is reduced on a curved Riemann surface C. Since we began with 8 supercharges
in the 4d N = 2 theory, 4 supercharges remain in the 2d theory. Further carrying out a topological
twist then allows us to replace R2 by an arbitrary (curved) Riemann surface Σ. Consequently,
reducing SW theory on C must lead to a twisted 2d N = (2, 2) theory on Σ.
Furthermore, it was seen in (3.32) that shrinking C gives rise to a 2d sigma model on Σ with
target Mqvort (C). This means that the 2d N = (2, 2) theory is also a sigma model, whose fermi
fields can then be determined from supersymmetry.
As mentioned earlier, the hypermultiplet fermions µ, ν become auxiliary upon shrinking C, since
their derivatives on C vanish. Hence, the only surviving fermions are the gauge fermions χC and
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λCΣ, which can now be written in terms of the basis cotangent vectors α and β˜ as
12
χw = χ
I
(
αIw + β˜Iw
)
χw = χ
I
(
αIw + β˜Iw
)
λwz = ρz
I
(
αIw + β˜Iw
)
λwz = ρz
I
(
αIw + β˜Iw
)
.
(3.37)
Next, consider the 4d supersymmetric transformation λµν = iζF+µν (see (3.2)). After shrinking
C, the only surviving 2-form fermi terms are λwz = ρz
I
(
αIw + β˜Iw
)
and λwz = ρz
I
(
αIw + β˜Iw
)
.
Further recalling (3.30), and using complex coordinates on Mqvort (C), the ensuing 2d supersym-
metric transformations can then be written as
δρz
I = − i
2
∂zX
I
δρz
I = − i
2
∂zX
I .
(3.38)
Hence, the corresponding BPS equations of the 2d sigma model are
∂zX
I = 0
∂zX
I = 0,
(3.39)
which means the maps XI : Σ→Mqvort (C) are holomorphic maps.
Finally, it was shown in (3.36) that the topological term Stop descends to the pullback, which
means XI are holomorphic maps of degree k. Altogether, this means that the 2d N = (2, 2) theory
on Σ is an A-twisted sigma model with target Mqvort (C), which has the action
S′SW =
1
e2
∫
Σ
d2z
(
Gvort
IJ
(
1
2
∂zX
I∂zX
J +
1
2
∂zX
I∂zX
J + ρz
J∇zχI + ρzI∇zχJ
)
−RIJKLρzIρzJχKχL
)
+ iθ
∫
Σ
X∗ωvort
(3.40)
where RIJKL is the Riemann curvature tensor on Mqvort (C), and ∇zχI = ∂zχI + χJΓIJK∂zXK .
Here, ΓIJK are the Christoffel symbols on Mqvort (C).
Therefore, for the case of SW theory on M4 = Σ × C, upon shrinking C, an A-twisted sigma
model with degree k holomorphic maps from Σ to Mqvort (C) is obtained.
12Note that in general, we may write a 4d fermion as an arbitrary linear combination of α and β˜. For instance,
we could have written λwz = ρz
IαIw + ρ˜
I
zβ˜Iw instead, where generically, ρz
I 6= ρ˜Iz. However, since we expect the
2d theory to possess N = (2, 2) supersymmetry, ρz
I and ρ˜Iz cannot be independent of each other. Otherwise, extra
fermionic degrees of freedom will be obtained. Hence, we may assume ρz
I = ρ˜Iz, so that the correct number of
fermionic degrees of freedom is obtained.
This argument also applies to the other worldsheet fermions.
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4 Physical Proofs of Theorems and Conjectures on Floer Homologies, and their
Higher Rank Generalizations
4.1 The Atiyah-Floer Conjecture: Relating Instanton to Lagrangian Floer Ho-
mology
The Atiyah-Floer conjecture [16] relates the critical points of the Chern-Simons functional to those
of Lagrangian intersections L0 ∩ L1. It is given by
HFinst∗ (Y3)
∼= HFLagr∗ (Mflat (Σ) , L0, L1), (4.1)
where L0 and L1 are, in general, different Lagrangian submanifolds of Mflat (Σ). Here, HFinst∗ (Y3)
is the usual instanton Floer homology of a closed, compact Y3, while HF
Lagr
∗ (Mflat (Σ) , L0, L1) is
known as the Lagrangian (intersection) Floer homology. Σ is a Riemann surface of genus g that
Heegaard splits Y3.
We would now like give a physical proof of (4.1).
A Heegaard Split, DW theory, and the A-model
To this end, let M4 = R
+ × Y3, and Heegaard split Y3. This Heegaard split, Y3 = Y ′3 ∪Σ Y ′′3 ,
can be carried out along Σ, as shown in figure 1.
Note that the compact three-manifolds Y ′3 and Y
′′
3 can be regarded as a fibration of a two-
manifold Σ with genus g, over an interval I – i.e. we may write Y ′3
,′′ = I ′,′′ ×f Σ. In other words,
we can express the metric on Y ′3
,′′ as a warped metric, which takes the form
dsY ′
3
,′′
2 =
(
dx2
)2
+ f(x2) (GΣ)ab dx
adxb, (4.2)
where x2 ∈ I ′,′′, and f(x2) is an arbitrary x2-dependent function. Correspondingly, the metric on
M ′4
,′′ = R+ × Y ′3 ,′′ takes the form
dsM ′
4
,′′
2 =
(
dx1
)2
+
(
dx2
)2
+ f(x2) (GΣ)ab dx
adxb, (4.3)
where x1 is identified with the time-direction R+.
Let us consider DW theory on M4. Then, we will have a TQFT on M
′
4
,′′, whence one can carry
out a Weyl rescaling on (4.3), so that the metric becomes
dsM ′
4
,′′
2 =
1
f(x2)
[(
dx1
)2
+
(
dx2
)2]
+ (GΣ)ab dx
adxb. (4.4)
This describes M ′4
,′′ = (R+ × I ′,′′)f × Σ. As the factor 1/f(x2) leaves the topology of R+ × I ′,′′
unchanged, we may simply write (R+× I ′,′′)f as R+× I ′,′′. This means that upon shrinking Σ, we
will obtain, from the DW theory on M ′4
,′′, an A-model on R+ × I ′,′′ with target Mflat (Σ).
Physical Proof of the Atiyah-Floer Conjecture
For DW theory on M4 = R
+ × Y3, it was explained in §2.1 that the partition function sums
classes of HFinst∗ (Y3). This gives us the left hand side of (4.1).
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Y ′3 Y
′′
3Σ
Figure 1: Heegaard splitting of Y3 into Y
′
3 and Y
′′
3 , along Σ. Here, Σ is a Riemann surface of genus
g.
L˜′ L
′
R
+ × I ′
Figure 2: An A-model open string ends on two identical Lagrangian branes of opposite orientations
L′ and L˜′. It should be noted that while the diagram depicts two non-intersecting Lagrangian
branes, in general L′ and L˜′ are allowed to intersect.
Now, shrinking Σ will leave the topological DW theory on M ′4
,′′ and thus M4, invariant. There-
fore, one can also compute the left hand side of (4.1) in terms of the A-model on R+ × I ′,′′ with
target Mflat (Σ).
Since the A-model really describes an open string propagating in the target spaceMflat (Σ), we
are required to specify its boundary conditions. The open string starts and ends on two Lagrangian
branes, which are half-space filling objects – i.e. branes with spacetime dimensions 12 dim(Mflat (Σ))
– that, as shown in figure 2, we shall denote by L˜′ and L′, for the A-model on R+×I ′. Here, the tilde
accent denotes an opposite orientation – so, these Lagrangian branes are of opposite orientations,
but are otherwise identical.
That we have two sigma models on Σ, obtained from DW theory onM ′4 andM
′′
4 , means that we
now have two different strings ending on different pairs of Lagrangian branes, (L˜′, L′) and (L˜′′, L′′).
To relate to the DW theory on M4 which underlies the left hand side of (4.1), it is clear that we
just need to ‘glue’ them so that we get a single sigma model with a pair of different Lagrangian
branes L˜′ and L′′. This is shown in figure 3, where we merge the adjacent Lagrangian branes L′
and L˜′′, so that the two strings merge into a single open string, which now extends between L˜′ and
L′′ instead.
Further relabeling L0 = L˜
′ and L1 = L
′′ to be consistent with mathematical notation, states
in the 2d sigma model can then be identified with states of the Lagrangian Floer homology
HFLagr∗ (Mflat (Σ) , L0, L1). This is just the right hand side of (4.1).
The physical equivalence between the partition function of the DW theory on M4 which sums
classes in HFinst∗ (Y3), and the partition function of the A-twisted sigma model on R
+ × I which
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L˜′ L
′
R
+ × I ′ R+ × I ′′
L˜′′ L
′′
Figure 3: We may glue Y ′3 and Y
′′
3 along their common boundary Σ so that the original three-
manifold Y3 can be obtained. This is tantamount to identifying L
′ = L˜′′, so that we get a single
open string starting and ending on L˜′ and L′′.
sums classes HFLagr∗ (Mflat (Σ) , L0, L1), means that we have
HFinst∗ (Y3)
∼= HFLagr∗ (Mflat (Σ) , L0, L1) (4.5)
where HFinst∗ (Y3) and HF
Lagr
∗ (Mflat (Σ) , L0, L1) are graded by the instanton number and degree
of maps, respectively. This completes our physical proof of the Atiyah-Floer conjecture.
4.2 The Monopole Analog of the Atiyah-Floer Conjecture
There is a monopole analog of the Atiyah-Floer conjecture [27] that relates the critical points of
the Chern-Simons-Dirac functional with those of Lagrangian intersections L0 ∩ L1. It is given by
HFmono∗ (q, Y3)
∼= HFHeeg∗ (Mqvort (Σ) , L0, L1) , (4.6)
where HFmono∗ (q, Y3) is the usual monopole Floer homology, and HF
Heeg
∗ (Mqvort (Σ) , L0, L1) is
known as the Heegaard Floer homology – which is the monopole analog of the Lagrangian Floer
homology described earlier.
We would now like to provide a physical proof of (4.6).
Physical Proof of the Monopole Atiyah-Floer Conjecture
Let us now consider SW theory onM4 = R
+×Y3. Since, as explained in §3.1, partition function
sums classes of HFmono∗ (q, Y3), the left hand side of (4.6) is obtained.
Next, we will Heegaard split Y3 = Y
′
3 ∪Σ Y ′′3 , and further take the Weyl rescaled warped metric
in (4.4), so that Σ can be trivially shrunken away. In doing so, an A-model on R+×I ′,′′ with target
Mqvort (Σ) is obtained.
This A-model describes an open string propagating through Mqvort (Σ), which is taken to start
and end on two Lagrangian branes of opposite orientations, that are denoted by L˜′,′′ and L′,′′ (see
figure 2). To relate to the SW theory on M4 which underlies the left hand side of (4.6), it is
clear that we just need to ‘glue’ them so that we get a single sigma model with a pair of different
Lagrangian branes L˜′ = L0 and L
′′ = L1 (see figure 3).
States of the A-model are then identified with classes of the Heegaard Floer homology
HFHeeg∗ (Mqvort (Σ) , L0, L1). This gives the right hand side of (4.6).
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Since the partition function of SW theory onM4 = R
+×Y3, which sums classes in HFmono∗ (q, Y3),
can be identified with the partition function of the A-model on R+ × I, which sums classes in
HFHeeg∗ (Mqvort (Σ) , L0, L1), we have
HFmono∗ (q, Y3)
∼= HFHeeg∗ (Mqvort (Σ) , L0, L1) (4.7)
where HFmono∗ (Y3) and HF
Heeg
∗ (Mqvort (Σ) , L0, L1) are graded by the number of solutions of the
SW equations and degree of maps, respectively. This completes our physical proof of the monopole
Atiyah-Floer conjecture.
4.3 Mun˜oz’s Theorem: Relating Instanton Floer to Quantum Cohomology
Mun˜oz’s theorem [28] is the statement that
QH∗(Mflat (Σ)) ∼= HF∗symp (Mflat (Σ)) ∼= HF∗inst
(
Σ× S1) , (4.8)
where QH∗(Mflat (Σ)) is the quantum cohomology (ring) of Mflat (Σ), while HF∗’s are the corre-
sponding Floer cohomologies. Here, HF∗symp (Mflat (Σ)) is the symplectic Floer cohomology, which
we distinguish from the Lagrangian and Heegaard Floer cohomologies.
We would now like to give a physical proof of (4.8).
Physical Proof of Mun˜oz’s Theorem
Let us now consider DW theory on M4 = Σ × S1 × R+. Shrinking Σ away, an A-model on
S1 × R+ with target Mflat (Σ) is obtained. This describes a closed string propagating through
Mflat (Σ), starting from time t = 0. It is known from [6] that for any closed topological A-
model with target T , there is an isomorphism between the quantum cohomology QH∗(T ), and
symplectic Floer cohomology HF∗symp (T ). This tells us that our A-model possesses the isomorphism
QH∗(Mflat (Σ)) ∼= HF∗symp (Mflat (Σ)), which is just the first equality of (4.8).
Since ∂M4 = Σ×S1, the partition function of DW theory onM4 will sum classes in the instanton
Floer cohomology HF∗inst
(
Σ× S1). Because the partition function of DW theory is equivalent to
the partition function of the A-model on S1×R+ which sums classes in HF∗symp (Mflat (Σ)), we can
write
QH∗(Mflat (Σ)) ∼= HF∗symp (Mflat (Σ)) ∼= HF∗inst
(
Σ× S1) (4.9)
where HF∗symp (Mflat (Σ)) and HF∗inst
(
Σ× S1) are graded by the degree of maps and instanton
number, respectively. This furnishes a physical proof of Mun˜oz’s theorem.
4.4 Monopole Analog of Mun˜oz’s Theorem
It was suggested in [29] that there is an isomorphism between HFmono∗ (q, Y3) and Mqvort (Σ). We
will now show how this isomorphism can be obtained physically.
To that end, we will now consider SW theory on M4 = Σ × S1 × R+. Shrinking Σ, we obtain
an A-model on S1×R+ with target Mqvort (Σ). This describes a closed string propagating through
Mqvort (Σ), starting from time t = 0.
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Since the partition function of SW theory on M4 which sums classes in HF
mono
∗
(
q,Σ× S1),
equals the partition function of the A-model on S1×R+ which sums classes in HF∗symp (Mqvort (Σ)),
we can identify HFmono∗
(
q,Σ× S1) with HF∗symp (Mqvort (Σ)).
Furthermore, note that from [6], QH∗(Mqvort (Σ)) ∼= HF∗symp (Mqvort (Σ)). Altogether, these
relations can be written as
QH∗(Mqvort (Σ)) ∼= HF∗symp (Mqvort (Σ)) ∼= HF∗mono
(
q,Σ× S1) (4.10)
where HF∗symp (Mqvort (Σ)) and HF∗mono
(
q,Σ× S1) are graded by the degree of maps and number
of solutions of the SW equations, respectively. This furnishes a mathematically novel, monopole
version of Mun˜oz’s theorem (4.8).
4.5 Higher Rank Generalizations
We can also generalize our approach hitherto to DW and SW theory defined with higher rank gauge
groups G.
Higher Rank Atiyah-Floer Conjecture and Mun˜oz’s Theorem
Let us consider DW theory with gauge group G. All arguments about the relevant Floer
homologies hold, since we may simply define the gauge group to be G instead of SU(2), and the
rest of the analysis remains the same.
This suggests that the Atiyah-Floer conjecture can be generalized to G, whereby we obtain an
isomorphism between instanton Floer homology and Lagrangian Floer homology for G.
Likewise, we should also be able to generalize Mun˜oz’s theorem to G, by starting with higher
rank DW theory, whilst noting that Sadov’s results in [6] are valid for any G.
Higher Rank Monopole Atiyah-Floer Conjecture and Mun˜oz’s Theorem
We can also consider a nonabelian version of the SW theory, for which the BPS solutions lead to
nonabelian monopoles [13]. Then, if the four-manifold is taken to be M4 = Σ×C, upon shrinking
C, we should also obtain nonabelian vortices on C.
We will be able to show this explicitly if we can write a modified version of the nonabelian
field strength F , in a manner analogous to (3.9). Then, shrinking C will force the modified gauge
connections to be flat on C – i.e. we need to set Fab = 0 to ensure that the action remains finite.
This condition should correspond to the nonabelian version of the vortex equations. The solutions
to these equations will span the moduli space of nonabelian vortices. Then, the kinetic term F∧∗F
of nonabelian SW theory will descend to the action of a sigma model on Σ with target moduli space
of nonabelian vortices. We can then identify states of the A-model with states of nonabelian SW
theory, to obtain the relevant mathematical identities.
For nonabelian SW theory on M4 = R
+ × Y3, there should also exist a nonabelian monopole
Floer homology on Y3 – i.e. its classes will be identified with critical points of the nonabelian
version of the Chern-Simons-Dirac functional on the space of nonabelian connections on Y3. Thus,
it is also possible to obtain a nonabelian version of the monopole Atiyah-Floer conjecture and the
monopole analog of Mun˜oz’s theorem.
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5 Relating Instanton Floer Homology to Affine Algebras via 4d N = 2 TQFT
5.1 Relating Instanton Floer Homology of Σ× S1 to Affine Algebras
Let us now consider the case in which DW theory is defined on M4 = Σ ×D, where D is a disk.
Let us also take the gauge group to be G = SU(2). Here, as in [18], we assume the flat connections
on D to be irreducible.
Instanton Floer Homology of Σ× S1
Note that D is also topologically equivalent to a semi-infinite cylinder, i.e. D ∼= S1 × R+, so
with regard to DW theory, the four-manifold can also be taken as M4 = Σ × S1 × R+. In this
case, R+ can be regarded as the time direction, and we can define instanton Floer homology on
the spatial three-manifold Σ × S1. Hence, the partition function of DW theory sums classes in
HFinst∗
(
Σ× S1).
The Adiabatic Limit and a 2d A-Model on Σ with Target Based Loop Group
Like (2.23), the metric of the four-manifold may be written in a block diagonal form
ds2 = (GΣ)ab dx
adxb + (GD)AB dx
AdxB . (5.1)
Hence, the rest of the discussion in §2.2 follows, and we obtain an A-twisted sigma model with
target Mflat (Σ) or Mflat (D), depending on which Riemann surface we take to be small.
ΩG Sigma Models
Let us consider the case in which we shrink the disk D, whence we will have an A-twisted sigma
model with target Mflat (D).
Note that we need to impose boundary conditions on ∂D = S1. In particular, imposing the
generic trivialization condition on the boundary of D allows us to identifyMflat (D) with the based
loop group ΩG [3, 18], which is the group of contractible based loops into G [20], i.e.
ΩG =
{
γ : S1 → G|γ(1) = 1} , (5.2)
where elements of ΩG are G-valued functions with S1 parameters.
Thus, we have an A-model on Σ with target ΩG.
Instanton Floer Homology of Σ× S1 and Affine Algebra
It was shown in [7] that the sigma model exhibits affine symmetry on the worldsheet Σ, generated
by an affine Lie algebra gaff. In addition, A-model states form modules of gaff. Thus, since the
partition function of the A-model which sums these states, can be identified with the partition
function of DW theory which sums classes in HFinst∗
(
Σ× S1), we have the mathematically novel
isomorphism
HFinst∗
(
Σ× S1) ∼= Gmod(Σ) (5.3)
where Gmod(Σ) is the space of gaff-modules on Σ. The Z8 grading on the LHS by instanton solutions
[30] corresponds to the Z8 grading on the RHS by energy level. Let us now elaborate on why this
is the case.
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Relevant Gradings
On the LHS of (5.3), it is known that gauge equivalence leads to a Z8 grading between the sets
of critical points of the Chern-Simons functional which plays the role of the Morse function [30]. In
other words, the relative Morse index can only take 8 distinct (gauge-inequivalent) values, which
implies that there are only 8 distinct sets of critical points. In turn, this means that the ground
states of DW theory on M4 = Σ × S1 × R+ are Z8-graded, and that there are 8 distinct sets of
instanton solutions.
Furthermore, since DW ground states are Z8-graded, A-model states must likewise be Z8-graded.
Thus, Gmod(Σ) is also Z8-graded. Let us now explain this.
As established in §2.2, upon shrinking D ∼= S1 × R+, instanton solutions descend to pullback
solutions (of the symplectic form onMflat (D) ∼= ΩG). Also, L0 can be interpreted as a translation
operator on Σ. When an appropriate normalization is chosen, L0 determines the number of times Σ
can be wrapped around ΩG which is just the degree k of maps X : Σ→ ΩG. As Gmod(Σ) is graded
by L0, and the degree of the aforementioned map which is associated with the pullback solutions,
like the instanton solutions, are only distinct mod Z8, it will mean that Gmod(Σ) is Z8-graded.
Hence, the grading on the LHS of (5.3) is identified with the grading of the RHS of (5.3) in the
manner described above, as it should.
5.2 Relating Instanton Floer Homology of Seifert Manifolds to Affine Algebras
Nontrivial Seifert Manifolds
Up to now, we have considered a four-manifold of the form M4 = Σ×D ∼= Σ×S1×R+, which
has boundary Y3 = Σ × S1. This three-manifold is really the trivially-fibered Seifert manifold
Mg,0, where the subscript ‘g, 0’ refers to a Σ of genus g with an S
1-bundle that has first Chern
class equal to 0. Nonetheless, the discussion in §5.1 can be generalized to a four-manifold with a
nontrivial Seifert manifold boundary. To this end, let us consider a nontrivial disk fibration over
Σ, i.e. M4 = Σ ×f D ∼= Σ ×f S1 × R+, which boundary Σ ×f S1 is therefore a nontrivial Seifert
manifold Mg,p.
Instanton Floer Homology of Mg,p and Affine Algebra
We would now like to ascertain HFinst∗ (Mg,p). We can start from the trivially-fibered case of
M4 = Σ × D ∼= Mg,0 × R+, and make use of the fibering operator [8], P, which shifts the Chern
number p0 → p0 + 1.
Specifically, the DW partition function on Mg,p ×R+ may be written as 13
〈1〉Mg,p = 〈P · · · P〉Mg,0 , (5.4)
13To justify this, first, note that the metric of M4 =Mg,1×R
+ can be written as a sum GMg,1×R+ = GMg,0×R+ +
Gdeformed, where Gdeformed contains the remaining terms of the metric that characterize the nontriviality of the
fibration. This means that the action (2.1) overM4 = Mg,1×R
+ can be written as a sum of an action overMg,0×R
+
and a Q-exact deformation term defined over Gdeformed, where we can ignore the latter since it will not contribute to
the path integral (as it is Q-exact).
Second, note that the topological term F ∧ F of the underlying DW theory takes the form of a Chern-Simons
functional on the boundary Mg,1. This can also be written as a sum of the Chern-Simons functional on Mg,0 and a
deformation term. It is this extra term in the action that can be interpreted as (the phase of the exponential that
defines) a fibering operator P in the path integral [8].
Altogether, this means we can write 〈1〉Mg,1 = 〈P〉Mg,0 . It is now clear that we can also insert p copies of P and
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where we have inserted p copies of P. In other words, starting from 〈1〉Mg,0 , which sums classes in
the instanton Floer homology HFinst∗
(
Σ× S1), we can insert p copies of the fibering operator P as
shown in (5.4) to obtain 〈1〉Mg,p , which sums classes in the instanton Floer homology HFinst∗ (Mg,p).
Via (2.22), we see that (5.4) means that a sum over classes in HFinst∗ (Mg,p) must be given by a
sum over classes in HFinst∗ (Mg,0) which each has been acted upon by P . . .P. In turn, from (5.3),
we have the mathematically novel isomorphism
HFinst∗ (Mg,p)
∼= Gmod,p(Σ) (5.5)
where p on the right hand side denotes that each basis component of the original space Gmod(Σ)
of gaff-modules on Σ has been acted upon p times by a suitable representation of P. The grading
on the LHS by instanton solutions corresponds to the grading on the RHS by energy level, in a
manner analogous to that in (5.3).
5.3 Relating Quantum Cohomology to Affine Algebras
Let us revisit DW theory on M4 = Σ × D ∼= Σ × S1 × R+, in which the DW partition function
sums classes of HF∗inst
(
Σ× S1) (or HFinst∗ (Σ× S1)).
It is straightforward to see, from (4.8) and (5.3), that there is yet another mathematically novel
identity of the form
QH∗(Mflat (Σ)) ∼= Gmod(Σ) (5.6)
where the Z8 grading of cohomology classes [28] on the LHS corresponds to the Z8 grading on the
RHS by energy level.
Mathematical Consistency
In hindsight, this result is not surprising. As mentioned briefly in §2.2, for every 4d instanton of
charge k on the underlying four-manifoldM4 = Σ×D ∼= Σ×S1×R+ in DW theory, there is a corre-
sponding 2d holomorphic map X : S1×R+ →Mflat (Σ) of degree k [18, 31] in the A-model on D ∼=
S1 × R+. This means that there is an isomorphism Mkinst (M4) ∼=Mkmaps
(
S1 × R+ →Mflat (Σ)
)
.
It is known that for each instanton solution corresponding to k, there is an action of gaff on
homology cycles of Mkinst (M4) (cf. [32]). Since Mkinst (M4) ∼= Mkmaps
(
S1 × R+ →Mflat (Σ)
)
, it
must also be true that there is an action of gaff on homology cycles ofMkmaps
(
S1 × R+ →Mflat (Σ)
)
.
Moreover, by Poincare´ duality, homology cycles of Mkmaps
(
S1 × R+ →Mflat (Σ)
)
, must corre-
spond to differential forms on Mkmaps
(
S1 × R+ →Mflat (Σ)
)
which generate the quantum coho-
mology of Mflat (Σ). Hence, there must be an action of gaff on QH∗(Mflat (Σ)) – i.e. classes of
QH∗(Mflat (Σ)) can be viewed as modules of gaff.
This gives an independent verification of the result in (5.6), which was deduced using purely
physical arguments.
write 〈1〉Mg,p = 〈P . . .P〉Mg,0 , as claimed.
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6 A Derivation of the Verlinde Formula via 4d N = 2 TQFT
6.1 SQM on the Moduli Space of Flat Connections
Looking at the sigma model on D ∼= R+ × S1 with target Mflat (Σ), we may further shrink S1 so
that we get a 1d sigma model – this really becomes supersymmetric quantum mechanics (SQM)
with R+ being identified with the temporal direction. To see this, we shall carry out the usual
dimensional reduction on S1, so that the action in (2.48) becomes
S1d = SSQM
=
1
e2
∫
dτ
(
X˙IX˙I +G
flat
IJ
(
ρz
J∇τχI + ρzI∇τχJ
))
−RIJKLρzIρzJχKχL + · · · ,
(6.1)
where we have relabeled τ = x1, having chosen it as the temporal direction, and frozen out the
x2 dependence. A dotted field denotes a derivative over τ , and the ellipses here correspond to
topological terms which we can ignore.
Notice that the geometry of the target spaceMflat (Σ) is dependent on the geometry of Σ, since
its metric was defined with respect to Σ (recall the definition of the moduli space metric in (2.32)).
Since the geometry of Σ is inconsequential in a TQFT, we may scale it such thatMflat (Σ) becomes
flat – i.e. we may set Gflat
IJ
to be the flat metric, and hence also set RIJKL = 0. Crucially, since the
Christoffel symbols ΓIJK are defined by derivatives of the metric, they can also be taken to be zero.
In doing so, (6.1) can be written as a free action. We shall take NI = 0 so that there are no
fermionic zero modes. The only fermionic contributions come from the free fermionic action, which
we can integrate out in the path integral to just give a constant.
Let us analyze the bosonic part, which is written as
SQM =
2
e2
∫
dτ
1
2
X˙IX˙I
=
1
~
∫
dτ LQM
(6.2)
where the Planck’s constant of the QM model is identified as 1
~
= 2
e2
. Then we may define the
conjugate momenta by P I = ∂LQM/∂X˙I = X˙
I which, by definition, satisfy the Poisson brackets,
which are written as
{XI , P J} = ~δIJ , (6.3)
and zero otherwise. Canonically quantization amounts to replacing the canonical coordinates (X,P )
with operators (X̂, P̂ ) so that the Poisson brackets become commutator brackets instead. These
relations take the form
[X̂I , P̂ J ] = ~δIJ (6.4)
Since XI are defined to be coordinates on the target Mflat (Σ), the operators X̂I , describe
quantized coordinates on Mflat (Σ). In doing so, we have quantized Mflat (Σ), which can be taken
to be of finite volume [33].
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6.2 Deriving the Verlinde Formula
Generally, the Verlinde formula computes the dimension of the space of conformal blocks, which
can be defined in any 2d conformal field theory (CFT) with affine symmetry. There are several
definitions of the Verlinde formula, because there are various ways of computing the dimensions of
the space of conformal blocks. One definition is by Faltings [9, 10], in which the dimension of the
space of conformal blocks on Σ is the same as the number of holomorphic sections of (an integer
power of) the determinant line bundle over Mflat (Σ), where Σ is a compact Riemann surface. We
would now like to outline a physical proof of this mathematical statement, and hence derive the
Verlinde formula.
We shall consider M4 = Σ × D, so that we can shrink either Σ or D to obtain two different
A-models. The upshot is that we can describe each side of the Verlinde formula by separately
shrinking each Riemann surface. Since both sigma models descend from the same TQFT in 4d,
their respective partition functions can be identified with each other. It is this identification that
will allow us to derive the Verlinde formula.
Physical Proof of the Verlinde Formula – LHS
To begin the physical proof of this result, let us consider the simple case in which the virtual
dimension of Mkinst (M4) is zero – i.e. NI = 0 – so that the only surviving observables are the
partition functions.
Let us first shrink D, so that an A-model on Σ with target ΩG can be obtained. Such an
A-model, as discussed in §5.1, exhibits affine symmetry on Σ, which is generated by gaff at level ℓ.
Because this 2d sigma model possesses affine symmetry, its states, κ, will be modules of gaff on Σ.
The partition function can then be written as
〈1〉 =
∑
v
κvκv, (6.5)
where v labels the energy eigenstates.
Next, note that since we are dealing with modules of gaff on Σ, we can also write (6.5) in terms
of conformal blocks F [34] as ∑
v
κvκv =
∑
v
FvF v. (6.6)
Thus, κv can be identified with the holomorphic conformal blocks Fv. Let us denote the space of
κv states – i.e. the space of zero-point conformal blocks on Σ – by Vℓ(Σ).
A Slight Excursion
It will be useful for later, to describe the affine algebra of the A-model in greater detail. This
affine algebra can be written as
[J a˜m, J b˜n] = if a˜b˜c˜ J
c˜,(m+n) + Lmδa˜b˜δ(m+n),0, (6.7)
where indices m,n ∈ Z describe the order of the Laurent expansion of the conserved currents J ,
L is the level, indices a˜, b˜, c˜ runs over generators of the gauge group G, and f a˜b˜c˜ are the structure
constants.
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The affine algebra in (6.7) is obtained by taking a contour integral over the operator expansion
product (OPE), which can be written as
J a˜(z)J b˜(ζ)− if
a˜b˜
c˜ J
c˜(ζ)
(z − ζ) =
Lδa˜b˜
(z − ζ)2 , (6.8)
where ζ, z ∈ Σ. Let us carry out a topological deformation on the underlying two-manifold Σ, such
that the coordinates become ζ → ζ˜ = √ℓζ and z → z˜ = √ℓz. In doing so, (6.8) becomes
J a˜(z˜)J b˜(ζ˜)− if
a˜b˜
c˜ J
c˜(ζ˜)
(z˜ − ζ˜)
=
Lδa˜b˜
(z˜ − ζ˜)2
. (6.9)
Since operator insertions are position-independent in a TQFT, the expressions on the left hand
side of equations (6.8) and (6.9) are equivalent and can be equated. Hence, the left hand side of
(6.8) can be replaced with the left hand side of (6.9), so that we obtain the relation
J a˜(z˜)J b˜(ζ˜)− if
a˜b˜
c˜ J
c˜(ζ˜)
(z˜ − ζ˜)
=
(ℓL) δa˜b˜
(z˜ − ζ˜)2
. (6.10)
Further carrying out a Laurent expansion on J , and taking a contour integral over Σ, (6.10) becomes
[J a˜m, J b˜n] = if a˜b˜c˜ J
c˜,(m+n) + (ℓL)mδa˜b˜δ(m+n),0, (6.11)
which can be viewed as a “topologically deformed” affine algebra at level (ℓL) instead. Hence,
deforming the geometry of Σ by (dsΣ)
2 → ℓ (dsΣ)2 amounts to tuning the level of the affine algebra
by L→ ℓL.
The topological deformation of Σ can be understood to originate from a topological deformation
of the four-manifold. Meanwhile, the topological deformation of the four-manifold can alternatively
be interpreted as the modification of the 4d coupling. Altogether, this means that modifying the
4d coupling by
(
1
e2
)′ → ℓ ( 1
e2
)′
is tantamount to effecting a topological deformation z → z˜ on Σ.
Let us set L = 1. Henceforth, we shall take
(
1
e2
)′
to be the 4d coupling constant corresponding
to an affine algebra at level L = 1. Then, the 4d coupling ℓ
(
1
e2
)′
corresponds to the affine algebra
at level ℓ.
Physical Proof of the Verlinde Formula – RHS
If we were to shrink Σ instead, we obtain another 2d sigma model, this time on D ∼= R+ × S1,
and with target Mflat (Σ). By further dimensionally reducing on S1 as we did in §6.1, we may
quantize Mflat (Σ), to obtain a Hilbert space over Mflat (Σ). The QM space of states can then be
identified as the space of holomorphic sections of L, raised to a power k [33, 35], where L is the
determinant line bundle over Mflat (Σ). We shall denote this space by H0(Mflat (Σ) ,Lk).
k can be interpreted as the coupling constant of the QM model. To see that, let us define
k = 1
~
= 2
e2
, so that the QM action (6.2) can be rewritten as
SQM = k
∫
dτ X˙IX˙I . (6.12)
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Note that k is now taken to be a large, positive integer, since ~ is small.
The Verlinde Formula
As discussed earlier, tuning the value of the 4d coupling also tunes the level ℓ of gaff. Meanwhile,
the Planck’s constant ~, which was obtained by quantization in §6.1, also descended from the 4d
coupling. This then implies that there is a connection between the level ℓ of the affine algebra, and
the power k of the determinant line bundle.
To further investigate the connection between ℓ and k, we first write the 4d coupling constant as
1
e2
= ℓ
(
1
e2
)′
. Consequently, ℓ then corresponds to the level of gaff on the A-model on Σ with target
ΩG. On the other side, we have an A-model on D ∼= R+ × S1, where the usual QM is obtained
upon further shrinking S1 (See (6.2)). Recall that the Planck’s constant, which descended from
the 4d coupling 1
e2
, can be expressed as k = 1
~
= 2
e2
. Hence, we may now write
k = 2ℓ
(
1
e2
)′
= ℓk′, (6.13)
where k′ = 2
(
1
e2
)′
. This then shows the explicit relation between the level ℓ and QM coupling k.
Further setting k′ = 1 then allows us to make the identification k = ℓ, and the Hilbert space may
then be written as H0(Mflat (Σ) ,Lℓ).
Finally, since states of each physical theory can be identified with each other, we see that the
two spaces of states – the space of zero-point conformal blocks obtained from the A-model on Σ,
and the Hilbert space obtained from the QM model – are equivalent. Hence, we may write this
relation as
Vℓ(Σ) ∼= H0(Mflat (Σ) ,Lℓ) (6.14)
which is Faltings’s result [9, 10] – the statement that underlies the Verlinde formula. Thus, the
dimension of Vℓ is obtained by counting the number of holomorphic sections of Lℓ. This completes
our derivation of the Verlinde formula.
With Extra Operator Insertions
There is also a more general result found by Pauly [11], in which n operators are inserted in the
2d CFT. The positions of insertions are denoted by ~p = (p1, · · · , pn), where p1, · · · , pn ∈ Σ. The
statement is that there is an isomorphism between the space Vℓ(Σ, ~p) of n-point conformal blocks
on Σ, and holomorphic sections of determinant line bundles over the moduli space of parabolic
vector bundles on Σ, which we denote by Mpara (Σ, ~p). The space of holomorphic sections in this
case is H0(Mpara (Σ, ~p) ,Lℓ), and so here, we have the isomorphism
Vℓ(Σ, ~p) ∼= H0(Mpara (Σ, ~p) ,Lℓ). (6.15)
We will now show the relation (6.15) physically.
Let us now insert n scalar operators in DW theory, and consider NI = 0 which is still valid,
since the scalar operators have no zero modes – i.e. there is no U(1)R anomaly. In doing so,
observables of the 4d theory are no longer just partition functions, but now take the form in (2.3)
– i.e. they are n-point correlation functions. Starting from the 4d DW theory, we assume that the
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n operators O1, · · · ,On are inserted at points orthogonal to D, so that they are defined only on Σ.
We further note that operator insertions at points ~p in a CFT on Σ is equivalent to defining the
same CFT without insertions, albeit on Σ with n punctures – i.e. Σ can be replaced with Σ−~p. We
may then carry out the same shrinking procedure to obtain two 2d sigma models, on worldsheets
D ∼= R+ × S1 and Σ− ~p, respectively.
Let us first shrink D to obtain a sigma model that possesses an affine algebra at level ℓ, on the
worldsheet Σ with target ΩG. In this part of the analysis, we shall take Σ to be the worldsheet with
n insertions, rather than a Riemann surface Σ with n punctures. Consequently, the observables
are correlation functions of the form 〈
n∏
r=1
Or(zr, zr)
〉
, (6.16)
where (z, z) are the holomorphic and antiholomorphic coordinates on Σ.
Since the sigma model is topological, the positions of operator insertions ~p are irrelevant. This
means that we can bring a pair of operators close together and make use of fusion rules to merge
them into a single operator. This can be repeated until all n operators coalesce into a single
operator O′.
Furthermore, the position-independence of operator insertions also implies that the scalar op-
erator O′ is a constant. (6.16) then becomes〈
n∏
r=1
Or(zr, zr)
〉
=
〈O′〉 = 〈1〉 . (6.17)
Then, (6.17) can be written as
〈1〉 =
∑
v
κv;nκv;n, (6.18)
where κv;n are A-model eigenstates. Here, n has been included in the subscript of κ to distinguish
these A-model states from the case in (6.5) with no insertions – i.e. κv;0 = κv. Since we dealing
with modules of gaff on Σ, (6.18) may also be written in terms of conformal blocks [34] as∑
v
κv;nκv;n =
∑
v
Fv;nF v;n. (6.19)
In doing so, the n-point conformal blocks Fv;n(z1, · · · , zn) can now be identified with eigenstates of
the A-model on Σ with target ΩG. Hence, κv;n states span the space of n-point conformal blocks on
Σ, Vℓ(Σ, ~p). In the same way, the level ℓ of gaff can also be interpreted in terms of the 4d coupling
1
e2
= ℓ
(
1
e2
)′
.
Let us now take the view that Σ with n insertions is just Σ − ~p, so that we can shrink Σ − ~p
instead. In doing so, we obtain a sigma model on D ∼= R+×S1 with targetMflat (Σ− ~p) which can
be quantized upon further dimensionally reducing on S1. We further note thatMflat (Σ− ~p), is the
same as the moduli space of parabolic bundles on Σ, Mpara (Σ, ~p), where the parabolic structures
are identified with punctures on Σ. In other words, Mflat (Σ− ~p) ∼=Mpara (Σ, ~p).
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Like before, L is raised to a power k, whereby k is identified with the coupling constant of the
QM model on Mpara (Σ, ~p). The space of QM states on Mpara (Σ, ~p) can be identified with the
space of holomorphic sections of Lk.
Since both spaces of states are derived from the same 4d TQFT, they must be equivalent.
Furthermore, the same arguments made for the case without insertions dictates that the level ℓ
of gaff is the same as the QM coupling constant k – i.e. they both descended from the same 4d
coupling constant – and we may write k = ℓ. We may now identify both spaces of states, to write
down the relation
Vℓ(Σ, ~p) ∼= H0(Mpara (Σ, ~p) ,Lℓ) (6.20)
which is just (6.15). Then, the dimension of Vℓ is obtained by counting the number of holomorphic
sections of Lℓ. This then completes our physical derivation of the Verlinde formula with extra
operator insertions.
A Representations of 4d Euclidean spinors
In this paper, we have used the conventions seen in [13]. Since we are working with Euclidean spaces,
the Lorentz group in 4d is just the rotation group SO(4) ∼= SU(2)+ × SU(2)−, where ± denotes
the independent spins of each SU(2) rotation group. We shall take spinors with (un)dotted indices
to transform under (SU(2)−) SU(2)+. In this way, fields in the vector representation of SO(4) –
fields with spacetime indices µ, ν = 1, 2, 3, 4 – can be rewritten in the bispinor representation using
Clebsch-Gordan coefficients. The Clebsch-Gordan coefficients can be written as
(σµ)αα˙ = {σ1, σ2, σ3, i}αα˙
(σµ)
α˙α = {−σ1,−σ2,−σ3, i}α˙α ,
(A.1)
where σ1, σ2, σ3 are the usual Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.2)
Explicitly, vectors V can be written as
V α˙α = (σµ)
α˙α V µ
Vαα˙ = (σµ)αα˙ V
µ.
(A.3)
To write antisymmetric matrices K in the bispinor representation, we first need to define the
matrix
(σµν)α˙β˙ =
1
4
(σµσν − σνσµ)α˙β˙ , (A.4)
which has components
[σµν ] =
i
2

0 −σ3 σ2 −σ1
σ3 0 −σ1 −σ2
−σ2 σ1 0 −σ3
σ1 σ2 σ3 0
 . (A.5)
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Further note that σµν is self-dual – i.e.
σµν =
1
2
ǫµνρλσ
ρλ. (A.6)
We can write antisymmetric matrices as
K
α˙β˙
= (σµν)
α˙β˙
Kµν = (σµν)α˙β˙K
+
µν , (A.7)
where the second equality makes use of the self-dual condition (A.6).
We can show the second equality of (A.7), by multiplying a factor of (σµν)
α˙β˙
to the self-dual
matrix K+µν so that we get
(σµν)
α˙β˙
K+µν =
1
2
(
(σµν)
α˙β˙
Kµν +
1
2
ǫµνρλ (σ
µν)
α˙β˙
Kρλ
)
=
1
2
(
(σµν)α˙β˙Kµν +
1
2
ǫρλµν
(
σρλ
)
α˙β˙
Kµν
)
= (σµν)
α˙β˙
Kµν .
References
[1] E. Witten, “Topological quantum field theory,” Communications in Mathematical Physics,
vol. 117, no. 3, pp. 353–386, 1988.
[2] M. Marcolli, Seiberg Witten Gauge Theory, vol. 17. Springer, 1999.
[3] M. Bershadsky, A. Johansen, V. Sadov, and C. Vafa, “Topological reduction of 4D SYM to
2D σ-models,” Nuclear Physics B, vol. 448, no. 1-2, pp. 166–186, 1995.
[4] E. Witten, “Topological sigma models,” Communications in Mathematical Physics, vol. 118,
no. 3, pp. 411–449, 1988.
[5] S. Gukov, “Surface operators and knot homologies,” in New Trends in Mathematical Physics,
pp. 313–343, Springer, 2009.
[6] V. Sadov, “On equivalence of Floer’s and quantum cohomology,” Communications in mathe-
matical physics, vol. 173, no. 1, pp. 77–99, 1995.
[7] M. Ashwinkumar, J. Cao, Y. Luo, M.-C. Tan, and Q. Zhao, “Little strings, quasi-topological
sigma model on loop group, and toroidal Lie algebras,” Nuclear Physics B, vol. 928, pp. 469–
498, 2018.
[8] M. Blau and G. Thompson, “Chern-Simons theory on S1-bundles: Abelianisation and q-
deformed Yang-Mills theory,” Journal of High Energy Physics, vol. 2006, no. 05, p. 003, 2006.
[9] G. Faltings, “A proof for the Verlinde formula,” Journal of Algebraic Geometry, vol. 3, no. 2,
p. 347, 1994.
[10] A. Beauville, “Conformal blocks, fusion rules and the Verlinde formula,” arXiv preprint alg-
geom/9405001, 1994.
42
[11] C. Pauly, “Espaces de modules de fibre´s paraboliques et blocs conformes,” Duke Mathematical
Journal, vol. 84, no. 1, pp. 217–235, 1996.
[12] C. Lozano and M. Marin˜o, “Donaldson Invariants of Product Ruled Surfaces and Two-
Dimensional Gauge Theories,” Communications in Mathematical Physics, vol. 220, no. 2,
pp. 231–261, 2001.
[13] J. Labastida and M. Marin˜o, Topological quantum field theory and four manifolds, vol. 25.
Springer, 2005.
[14] G. Moore and E. Witten, “Integration over the u-plane in Donaldson theory,” arXiv preprint
hep-th/9709193, 1997.
[15] M. Atiyah, N. Hitchin, and I. Singer, “Self-duality in four-dimensional Riemannian geometry,”
Proceedings of the Royal Society of London. A. Mathematical and Physical Sciences, vol. 362,
no. 1711, pp. 425–461, 1978.
[16] M. Atiyah, “New invariants of 3-and 4-dimensional manifolds,” The mathematical heritage of
Hermann Weyl (Durham, NC, 1987), vol. 48, pp. 285–299, 1988.
[17] S. Donaldson, Floer homology groups in Yang-Mills theory, vol. 147. Cambridge University
Press, 2002.
[18] A. Popov, “Loop groups in Yang–Mills theory,” Physics Letters B, vol. 748, pp. 439–442, 2015.
[19] K. Hori, S. Katz, C. Vafa, and R. Pandharipande, Mirror symmetry, vol. 1. American Math-
ematical Soc., 2003.
[20] D. Salamon, “Notes on flat connections and the loop group,” Preprint, University of Warwick,
1998.
[21] M. Elbistan, “Weyl semimetal and topological numbers,” International Journal of Modern
Physics B, vol. 31, no. 29, p. 1750221, 2017.
[22] Y. Shnir, Magnetic monopoles. Springer Science & Business Media, 2006.
[23] E. Witten, “Monopoles and four-manifolds,” arXiv preprint hep-th/9411102, 1994.
[24] D. Tong, “TASI lectures on solitons,” arXiv preprint hep-th/0509216, 2005.
[25] R. Dey, “Geometric prequantization of the moduli space of the vortex equations on a Riemann
surface,” Journal of mathematical physics, vol. 47, no. 10, p. 103501, 2006.
[26] A. Kapustin and E. Witten, “Electric-magnetic duality and the geometric Langlands program,”
arXiv preprint hep-th/0604151, 2006.
[27] C. Kutluhan, Y.-J. Lee, and C. Taubes, “HF= HM I: Heegaard Floer homology and Seiberg–
Witten Floer homology,” arXiv preprint arXiv:1007.1979, 2010.
[28] V. Mun˜oz, “Ring structure of the Floer cohomology of Σ × S1,” Topology, vol. 38, no. 3,
pp. 517–528, 1999.
43
[29] V. Mun˜oz and B.-L. Wang, “Seiberg–Witten–Floer homology of a surface times a circle for
non-torsion spinC structures,” Mathematische Nachrichten, vol. 278, no. 7-8, pp. 844–863,
2005.
[30] A. Floer, “An instanton-invariant for 3-manifolds,” Communications in mathematical physics,
vol. 118, no. 2, pp. 215–240, 1988.
[31] S. Dostoglou and D. Salamon, “Self-dual instantons and holomorphic curves,” Annals of Math-
ematics, vol. 139, no. 3, pp. 581–640, 1994.
[32] Y. Luo, M.-C. Tan, P. Vasko, and Q. Zhao, “Four-dimensional N=2 supersymmetric theory
with boundary as a two-dimensional complex Toda theory,” Journal of High Energy Physics,
vol. 2017, no. 5, p. 121, 2017.
[33] E. Witten, “Quantum field theory and the Jones polynomial,” Communications in Mathemat-
ical Physics, vol. 121, no. 3, pp. 351–399, 1989.
[34] P. Francesco, P. Mathieu, and D. Se´ne´chal, Conformal field theory. Springer Science & Business
Media, 2012.
[35] G. Segal, “The definition of conformal field theory,” in Differential geometrical methods in
theoretical physics, pp. 165–171, Springer, 1988.
44
